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Abstract

The paper considers the investigation of MHD oscillatory flow initiated by pulsatile pressure
gradient in the presence of heat generation in a channel with perforated walls. Analytical solutions
of the flow variables are derived from the governing set of dimensionless momentum and energy
equations together with the accompanying boundary conditions via quasi-steady-state solution
assumption. The results are discussed quantitatively with graphical illustrations with various
physical parameters such as Magnetic, M ; Heat generation, H; Free convection, Gr; phase angle or
pulsation factor, €2 7 and the wall temperature ratio, m for respective Prandtl numbers, Pr = 0.71
(air), Pr = 7 (water) and Pr = 21 (human blood). The results showed sensitive dependence
on the parameters such that increasing Magnetic parameter, decreases maximum velocity in the
channel with flow reversals seen near the centre of the channel; increasing Heat source, introduces
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non-smooth flow in the maximum velocity with temperature oscillations in the fluid of the
channel; increasing thermal buoyancy force, increases the velocity in the channel with reversal
for a given phase angle; the maximum velocity in the channel increases with increasing wall
temperature ratio, and both Suction, and Injection, introduced upturn and downturn of the
velocity and temperature, thereby physically signifying the oscillatory effect of the pressure
gradient.

Keywords: Analytical; heat generation; human blood; MHD; pulsatile flow; porous.
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1 Introduction

The study of the flow between parallel plates generated by a pulsatile pressure gradient has dated
back to several decades due to many applications found in bio-mechanics, bio-physics, physiology
and medical engineering. A pulsatile flow is well known in fluid dynamics, and it is simply defined
as a fluid flow with periodic variations or oscillations, or known as Womersley flow. Berman [1] and
Wang [2] investigated the velocity distribution and shear stresses in an infinite channel. A major
application of such studies is to the understanding of the dialysis of blood in artificial kidneys
[3]. The MHD flow between parallel two porous plates has various applications in MHD power
generators, MHD pumps, aerodynamic heating. The studies of MHD flows have taking a centre-
point in research due to its applications in hemodynamics and the likes of MRI technology [4].

It is known that the study of the fluids that reveal oscillatory flows have numerous important
applications in science and nature. There are quite a number of abounding well known and common
examples in medical sciences such as blood flow through an artery, peristaltic food motion in the
intestine and motion of urine in the urethra. In astrophysical and geophysical studies, theoretical
and experimental explorations have taken a look at the direction of stellar shapes, cores of terrestrials
and sun plasma for the inducing factors of oscillatory motions. Vardanyan [5] had developed several
theoretical models on the influence of magnetic strength of pulsatile type flow. It has been asserted
that the presence of consistent and uniform magnetic strength leads to decrease the flow rate, and
it was stated that the work has a significant impact on biological research. More still, there are
lots of fascinating studies relating to oscillatory flows, which have been considered by researchers in
recent times. Ali et al.[6] examined the study of hydromagnetic flow and heat transfer of a Jeffrey
fluid in an oscillatory surface; Khan et al.[7] considered hydromagnetic flow and heat transfer over
a porous oscillating stretching surface in a viscoelastic fluid with porous medium; Ali et al. [§]
presented the problem of unsteady flow of third grade fluid over an oscillatory stretching sheet with
thermal radiation and heat source/sink; Khan et al.[9] presented the case of Soret and Dufour effects
on hydromagnetic flow of viscoelastic fluid over porous oscillatory stretching sheet with thermal
radiation; Khan et al. [10] also studied the problem of influence of heat generation/absorption
with convective heat and mass conditions in unsteady flow of Eyring Powell Nanofluid over porous
oscillatory stretching surface. Further, Ali et al. [11] studied MHD flow and heat transfer of couple
stress fluid over an oscillatory stretching sheet with heat source/sink in porous medium; Khan et al.
[12] presented the study of Soret and Dufour effects on hydromagnetic flow of Eyring Powell fluid
over an oscillatory stretching surface with heat generation/absorption and chemical reaction. The
most recent studies are slip effects in the hydromagnetic flow of a viscoelastic fluid through porous
medium over a porous oscillatory stretching sheet [13]; unsteady hydromagnetic flow of Oldroyd-B
fluid over an oscillatory stretching surface [14]. There are diverse methods of solution for these
studies, ranging from analytical to numerical. Ali et al. [15] utilized Legendre wavelets method to
tackle the problem of a third grade fluid flow and forced convection in a porous duct of parallel
plates.
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On the other hand, heat generation has applications in industrial pollutions, bio-systems and many
more. Modelling of hyperthermia-induced temperature distribution requires an accurate description
of the mechanism of heat transfer. It is reported in Dewhirst and Samulski [16] that blood flow
affects the thermal response of living tissues. The heat exchange between living tissues and blood
network that passes through it depends on the geometry of the blood vessels and the flow variation
of blood. Craciunescu and Clegg [17] studied the effect of oscillatory flow upon the resulting
temperature distribution of blood and convective heat transfer in rigid vessels. The importance of
different types of blood vessels in the process of bio-heat transfer has been intensively studied [18,
19].

Recently, MHD pulsatile flow of engine oil based carbon nanotubes between two concentric cylinders
with oscillating pressure gradient was investigated by Haq et al. [20]. It was demonstrated in their
studies that the flow of blood and pressure can be managed sufficiently by the application of an
external magnetic field to serve as a guide to abate some arterial diseases. To this end, there is no
gainsaying that flows within channels and vessels for the studies of bio-heat transfer, bio-mechanics,
bio-physics, physiology and medical engineering are controlled in order to achieve effective and
reliable output for the specific applications. MHD is generally known to play a vital role in that
direction. In practical terms, it is known that channel walls are of different temperatures. Mebine
[21] stated that this is of primary importance in the study of hydromagnetic flows with heat transfer
in channels or between parallel plates such that temperature ratio is being generated between the
wall temperatures and that of the ambient temperature. No mention has been made of temperature
ratio effect of all the studies considered above in this work. Therefore, it is the objective of this work
to consider the effect of MHD on the oscillatory flow initiated by pulsaitle pressure gradient in the
presence of heat generation in a channel with perforated walls effected by temperature ratio. The
sections that follow hereafter are the Mathematical Formulations, Method of Solution, Discussion
of Results, and Concluding Remarks.

2 Mathematical Formulations

The physical problem consists of a MHD flow through a horizontal channel with perforated walls.
The flow is driven by a prescribed oscillatory axial pulsatile pressure applied across the ends of the
channel and is given by Burton [22] and Bestman [23]

op

—— = t 2.1

oz o + acoswt, ( )
where ap and o are the steady component of the pressure gradient and pulsatile component,
respectively. In this work, the steady component is assumed zero. The plate at y = 0 is maintined
at temperature Tp while fluid is blown to it with velocity Vp, and at y = h is kept at temperature
Ty, and fluid is sucked from it with the velocity V. It is stated here that all the fluid properties are
assumed constant, except for the density in the buoyancy force term, which varies according to the
law

P = poo — poc B(T — Teo). (2.2)

This is Boussinesq approximation in which § represents the coefficient of volume expansion. Subscript
oo refers to conditions in the undisturbed fluid.
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Under this condition the following equations are obtained:

v = —Vo, (23)
ou Oou 1 Op *u  o.B2
ot +U@y T P Oz + V@yQ e utgh(T =To), @4
2
ar JOor_ & 0T, Q (p 1), (2.5)
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where u, velocity along the axial or x - axis; v, velocity along the normal or y -axis; ¢, time; p,
pressure; p, fluid density; v, kinematic viscosity; @, total heat generation constant; o., electrical
conductivity of the fluid; By, applied magnetic field strength; c,, heat capacity at constant pressure;
K, thermal conductivity; T, fluid temperature, and g, acceleration due to gravity. The equations
(2.4, 2.5) are subject to the boundary conditions

u=0,T="Taty=0, (2.6)
u=0,T =Ty at y = h. (2.7)
To facilitate the analyses of the problem, the following non-dimensional quantities are introduced:
x y hu tv wh?
x=2y=Zdpy=2 -2 =22
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T — T Ty — Too h?p
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Applying the equations (2.8), equations (2.4, 2.5) and (2.6, 2.7) are respectively transformed to

ou U 9P U

9 L0601 0%

o7 Y ~ Prove + H@, (2.10)

subject to
U=00=1atY =0, (2.11)
U=0,0=matY =1 (2.12)

Here the parameters entering the problem are m, wall temperature ratio; S, Suction parameter:
S > 0, Suction and S < 0, Injection; M, Magnetic parameter; Gr, Grashof number; H, Heat
Source: H > 0, Heat generation and H < 0, Heat loss; Pr, Prandtl number.

3 Method of Solution

The pressure gradient (2.1) depicts that it is oscillatory. Therefore, in order to obtain purely
oscillatory flow, let the pressure gradient (2.1), the velocity and energy equations (2.9, 2.10) subject
to the boundary conditions (2.11, 2.12) be written respectively as follows:

oP
“ax = Rea exp(IQ7), (3.1)

U(Y,7) =Re®(Y) exp(IQ7), (3.2)
0(Y,7) =ReO(Y) exp(IQ27),
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where I = y/—1 and Re means the real part of a complex variable. The equations (3.1) - (3.3) are
quasi-steady-state solutions [24], which are used mostly to visualize the basic concept of boundary
layer in unsteady flows, where exact solutions of the Navier-Stokes equations are sorted for when
objects are subjected to cosinusoidal oscillations for specific physical applications. Therefore, the
solutions of the velocity and energy equations (2.9, 2.10), by reason of equations (3.1) - (3.3) are
respectively obtained as follows:

.« Gr(m — exp(r2))
= w10 P T D) ep(r2) i + el — (a1 15 P
Gr(exp(rl) —m)
_ (exp(rl) — exp(r2))[r22 + Sr2 — (M + I2)] exp(r2Y’)
1 a(exp(rd — r3) — exp(—r3))
+ 1 —exp(rd — r3) M+ 1IQ exp(IQr)

_ Gr(m — exp(r2))(exp(r4 — r3) — exp(rl — 73))

(exp(r1) — exp(r2))[r12 + Srl — (M + I9)] (34)
Gr(exp(rl) — m)(exp(rd — r3) — exp(r2 — r3))
~ (exp(rl) — exp(r2))[r22 + Sr2 — (M + IQ)] exp(r3Y)
1 a1 — exp(—73))
teop(rd—r3) -1 [ Mo oedn)
B Gr(m — exp(r2))(1 — exp(rl — r3))
(exp(rl) — exp(r2))[rl2 + Srl — (M + IQ)]
Gr(exp(rl) —m)(1 — exp(r2 — r3))

~ (exp(rl) — exp(r2))[r22 4+ Sr2 — (M + IQ)] exp(rdY),

(m — exp(r2)) exp(rlY) + (exp(rl) — m) exp(r2Y), (3.5)

- (exp(rl) — exp(r2))
where
r 7‘2 2
rl,2= P8 4\ [P pr (g IQ),

r3,4=—5+,/5 (M +19Q).

The physical insights of the solutions (3.4, 3.5) are discussed in the next section. However, it is
important to state here that from the physical point of view, it is necessary to know the skin friction
or shear on the channel walls. By virtue of the non-dimensional quantities (2.8), it is given by

_au,
= gy [y=o1-

Knowing the temperature distribution, we can equally calculate the rate of heat flux, ¢, , on the
channel walls. This is calculated from

(exp(rl) — exp(r2))

Ts

(3.6)

@
S ay
by virtue of equation (2.8). We note here that for brevity, the discussions of skin friction and the
rate of heat flux are not presented.

Gu lv=o,1. (3.7)

4 Discussion of Results

The problem of MHD pulsatile flow through a channel with perforated or porous walls with heat
generation has been examined. Analytical solutions (3.4, 3.5) are advanced to the governing
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equations (2.9, 2.10) with the aid of the boundary conditions (2.11, 2.12). The discussions of
the results are made via illustrative graphical representations based on certain range of values of
the physical parameters entering the problem. The typical parameters entering the problem are m,
wall temperature ratio; S, Suction parameter: S > 0, Suction and S < 0, Injection; M, Magnetic
parameter; Gr, Grashof number: Gr > 0, cooling and Gr < 0 heating; H, Heat Source: H > 0,
Heat generation and H < 0, Heat loss; Pr, Prandtl number.

The values of the Prandtl number, Pr chosen for the investigations are Pr = 0.71 for air, Pr = 7.00
for water and Pr = 21.00 for human blood. The physical significance of Prandtl number is that it
is a measure of momentum and thermal buoyancy forces. It signifies the ratio of the momentum
boundary layer thickness to the thermal boundary layer thickness. If Pr = 1, it signifies that
the velocity and thermal boundary layers grow together, if Pr > 1, it signifies that the velocity
boundary layer grows faster than the thermal boundary layer, and if Pr < 1, it signifies the opposite
such that the thermal boundary layer grows faster than the momentum boundary layer. It is also
known that a low Prandtl number (liquid metals) signifies that viscous effects are small, and a high
Prandtl number (heavy oils) signifies that inertia effects are small (creeping flows).

In order to gain insights and understanding of the various physical parameters entering the problem
for the interpretation of the figures presented in this paper, they must be viewed horizontally and
vertically in the order in which they are appearing in the various figures, especially the parameters
7w and € and their effects to the flow variables U and 0 vis-a-vis the other parameters Pr, Gr, H,
M and S.

Fig. 1 depicts various velocity profiles for air, Pr = 0.71; water, Pr = 7.00 and human blood,
Pr = 21.00 with values of the wall temperature ratio, m = —1, 0, 1, 2, keeping other parameters
constant. It is clearly seen that as the Prandtl number increases the maximum height of the
flow in the channel decreases. For Pr = 0.71 and Pr = 7.00 in particular for Q = 7/5 and
Q = 7/3, the maximum velocity in the channel increases with increasing wall temperature ratio, m,
and the occurrence of the maximum velocity is centred around the middle of the channel. While
for Pr = 21 the maximum velocity is seen to be increasing with respect to increase in the wall
temperature ratio in the case of Q = 7/5. For 7, the flow is seen negative in all Pr = 0.71, Pr =7
and Pr = 21 with reversal effects displayed in Pr =7 and Pr = 21 as m increases. Physically, the
manifestations meet the general notion that fluids with large Prandtl number have high viscosity
and small thermal conductivity, which makes the fluid thick, and hence causes a decrease in the
velocity of the fluid. However, the wall temperature ratio plays an enhancing role, thereby increasing
the velocity, completely opposite to the effect of the Prandtl number.

Figs. 2 and 3 display respectively profiles for the effect of Grashof number for m = —1, 0 and
m = 1, 2. It is known that the Grashof number in natural convection controls the fluid flow. The
Grashof number is a free convection parameter that signifies the ratio between a thermal buoyancy
force due to spatial variation in the fluid density to the retraining hydrodynamic force due to the
viscosity of the fluid. The values of the Grashof number in this investigation are all taken to be
positive to represent the cooling of the lower plate temperature Tp. Buoyancy force acts like a
favourable pressure gradient that accelerates the fluid flow within the channel. As expected, it is
seen that there is an increase in the velocity due to the increasing of the thermal buoyancy force,
and the maximum velocity is seen to occur around the middle of the channel, which drifts toward
the upper plate, especially for m = 1, 2 with Q = /5, 7/3. It must be emphasized here that when
there are no free convection currents, Gr = 0, the flow in the channel is seen to be symmetric, but
the maximum velocity decreases as () increases.

Figs. 4 and 5 represent the effect of heat source respectively for m = —1, 0 and m = 1, 2 with
the heat source values H = 0, 2, 4, 8. It can be observed that with heat source in the model, the
flow pattern within the channel is changed rather than being smooth, especially for those profiles
resulting from m = —1, 1, 2 for Q = /5, 7/3.
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Figs. 6 and 7 display the flow profiles with the human blood with various values of magnetic
parameter. It is observed that for m = —1, 0, 1, 2 with Q = 7/5, /3, respectively, the maximum
velocity decreases with increasing magnetic parameter. However, for m = 1, 2 with Q = /5, /3
displays a reversal of the effect of the magnetic parameter that exhibits negative maximum velocity
at the centre of the channel. All cases of m for 2 = 7 displays negative velocity at the centre of
the channel as the magnetic parameter increases. The application of the transverse magnetic field
plays the role of a resistive type of force simply known as Lorentz force similar to drag force that
acts in the opposite direction of the fluid motion, which tends to resist the flow thereby reducing
its velocity.
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Fig. 1. Effects of Wall Temperature Ratio on Velocity Profiles for Pr = 0.71: (a)
Q=7/5,(b) Q=7/3,(c) Q=m; Pr="7: (d) Q=7/5,(e) Q=7/3,(f) Q=m; Pr =21: (g)
Q==n/5,(h) Q=7/3,(1) Q=7 with S=02,M =2,Gr=1,7=1,H=02,a =2
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Fig. 6. Effect of Magnetic Parameter on Velocity Profiles for m = —1, Pr = 21: (a)
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Fig. 8. Effects of Wall Temperature Ratio on Temperature Profiles for Pr = 0.71: (a)
Q=mn/5,(b) Q=7/3,(c) Q=m; Pr="7: (d) Q=7/5,(e) Q=7/3,(f) Q=m; Pr =21: (g)
Q=n/5,(h) Q=7/3,(1) Q=7 with S=02,M =2,Gr=1,7=1,H=02,aa =2

Figs (8-10) delineate the effects of Wall temperature ratio m and Heat generation H parameters
on the temperature with Pr = 0.71, 7, 21 and Q = 7/5, /3, m. The Prandtl number Pr, which
associates the ratio of kinematic viscosity to thermal diffusivity, distorts the temperature towards
the middle of the channel as it increases. This is well pronounced in the Fig. (8), especially for the
cases of Pr =7 and Pr = 21 with the human blood playing out more actively than the water as {2
increases.

Figs. (9) and (10) are temperature profiles due to the effect of Heat generation for human blood
with the Wall temperature ratio. It is observed that heat generation produces more oscillations
of the temperature in the fluid. Physically, large heat generation implies a large surface heat flux
which leads to the increase in the number of oscillations of the temperature of the fluid. In all, the
value of the lower channel temperature is seen as 1, while the upper assumes the value of the given
Wall temperature ratio, satisfying the boundary conditions. It is clearly depicted that all other
temperatures asymptote to the one for H = 0 with the oscillations demonstrating over and under
shoots of the values of the temperature at the lower and upper channels.

11
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Fig. 9. Heat Generation Parameter on Temperature Profiles for m = —1, Pr = 21: (a)
Q=mn/5,(b) Q=7/3,(c) Q=m; (II) m=0, Pr=21: (d) Q=n/5,(e) Q=7/3,(f) Q==
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Fig. 10. Heat Generation Parameter on Temperature Profiles for m = 1, Pr = 21: (g)
Q}: 7/5,(h) Q=x/3,(i) Q=m; m=2, Pr=21: (j) Q=x/5,(k) Q=n/3,(1) Q@ =n with
S=02,M=2,7r=1,H=02,aa=2
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Table. 1. Values of Velocity determined at Y = 0.5 using m = —1, 0, 1, 2 for different
values of both Suction, S > 0 and Injection, S < 0 for
Pr=2l,a=2=Gr=M=H=271=1Q=n/3

m | §=0.2, S=-02]|5=0.5, S=-05|S=08 S=-08|5=12 S=-12
—1 | 0.19098, 0.04626 0.85938, —0.62309 | —0.18111, 0.41568 | —0.19556, 0.42668
0 0.10856, 0.03620 0.12174, —0.61949 0.12040, 0.41880 0.11662, 0.49861
1 0.02614, 0.02614 —0.61590, —0.61590 0.42191, 0.42191 0.49968, 0.49968
2 | —0.05628, 0.01608 —1.35354, —0.61231 0.72342,  0.42503 0.88273, 0.50074

Tables 1 and 2 depict respectively values of the velocity and temperature at the centre of the channel
Y = 0.5 for different values of Suction, S > 0 and Injection, S < 0 with the respective values of the
wall temperature ratio, m = —1, 0, 1, 2. From both tables, it is clearly observed that both Suction
and Injection give an upturn or increase and a downturn or decrease to the velocity and temperature
for m = —1,0. Sectionally, the velocity and temperature experienced increase in the first two values
of Suction, while in the last three, it experienced decrease. On the other hand, the opposite was
the case for the effect of Injection on the velocity and temperature. For m = 1,2, it is observed
that Suction respectively Injection gives downturn to the velocity and temperature in the first two
values, whereas upturn was seen in the last three. In all, it is evident that the range of the upturn
effect of Suction and Injection on the velocity and temperature are much more than the downturn
effect for both cases of m = —1,0 and m = 1,2. However, both effects are more pronounced in
the temperature than the velocity. Physically, the upturn respectively the downturn signifies the
oscillatory nature of the flow vis-a-vis the temperature initiated by the pressure gradient, just as
the other parameters have already confirmed.

Table. 2. Values of Temperature determined at Y = 0.5 using m = —1, 0, 1, 2 for
different values of Suction, S > 0 and Injection, S < 0 for
Pr=2l,a=2=Gr=M=H,7=1,Q=7/3

m | S=02, S=-02]5=05 S=-05]|5=08 S=-08|5=12 S=-12
—1 | 0.89806, —0.89806 2.87553, —2.87553 | —2.21957, 2.21957 | —1.85680, 1.85680

—0.12532, —1.02338 | —0.01517, —2.89070 0.00050, : 0.00001, 2.09452
2.90587, —2.90587 2.22057, 2.09452, 2.09452
657, —2.92104 4.44064, 4.18904, 2.09453

—1.14870, —1.14870
—2.17207, —1.27401

b =D

5 Concluding Remarks

The problem of MHD pulsatile flow through a channel with perforated walls and with heat generation
has been examined. Analytical solutions of the flow variables are obtained via quasi-steady-state
solution assumption initiated by the oscillatory pressure gradient term. Some physical parameters
were identified entering the problem, which are used to discuss the results quantitatively with
graphical illustrations. It is generally observed that the flow variables are significantly influenced
by these parameters.

Among others, the primary findings are summarized as follows:

1) The maximum height of the flow and temperature in the fluid of the channel decreases with
increasing Prandtl number, Pr;

2) The maximum velocity in the channel increases with increasing wall temperature ratio, m;

3) Reversal effects are seen displaced in the flow for Pr > 0.71;
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4) That increasing thermal buoyancy force, Gr increases the velocity in the channel with reversal
as the phase angle, 2 equals 7;

5) Increasing Magnetic parameter, M decreases maximum velocity in the channel with flow reversals
seen near the centre of the channel;

6) Increasing Heat source, H introduces non-smooth flow in the maximum velocity with temperature
oscillations in the fluid of the channel;

7) Both Suction, S > 0 and Injection, S < 0 introduced upturn and downturn of both the velocity
and temperature, thereby physically signifying the oscillatory effect of the pressure gradient.

It is hoped that the results may serve as tool kit for comparisons to other analytical or
semi-analytical methods such as Laplace Transform, Caputo-Fabrizio Fractional, and Adomian
Decomposition Techniques vis-a-vis the verification of the efficiency and accuracy of numerical
experimentations, particularly concerning researches geared towards the modelling of heat generation
applications in industrial pollutions, bio-systems and hyperthermia studies.
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