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Abstract

Recently,Williams expressed all coefficients of one hundred and twenty-six eta quotients in

terms of o(n),0(%),0(5) and o(%), and Yao, Xia and Jin, expressed only even coefficients of

one hundred and four eta quotients in terms of o3(n),os(%),03(%) and o3(%). The Fourier
series expansions of a class of eta quotients in terms of ox—1(n),ox-1(%),0%-1(%) and ox—1(g)
for £ = 6,8,10,12,14,16, 18, 20, 22,24 have been expressed by the author. The Fourier series
expansions of a class of eta quotients in Ma (I'o, x) in terms of o(n),0(%),0(%) and o(%) has
been found by Alaca and the Fourier series expansions of a class of eta quotients in M (g, x)
in terms of o3(n),03(5),03(3) and o3(%) has been determined by the author. Here, we
will determine the coefficients of the Fourier series expansions of a class of eta quotients in

M (To, x) in terms of o5(n), 05(%5 ), 05(% ), 05( %) and Fourier coefficients of the eight eta quotients.
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1 Introduction
The divisor function o; (n) is defined for a positive integer i by

oi(n) : = E d', if n is a positive integer, and
d positive integer,d|n

oi(n) : =0, if n is not a positive integer.

The Dedekind eta function is defined by
n(z) =g [ Q-q"),
n=1

where _
g =" zeH={x+iy:y >0},

and an eta quotient of level n is defined by

f(z):= H n(mz)*",n,m € N,a, € Z.

m|n

Since the eta quotients play important role in modular forms, explicit formulas for the Fourier
coefficients of eta quotients have been investigated by many mathematicians. The book of Kohler
[1] (Chapter 3, pg.39) describes such expansions by means of Hecke Theta series, and it develops
algorithms for the determination of suitable eta quotients. One can find more information in [2],
[3], [4], [5], [6] and [7]. The author has also determined the Fourier coefficients of the theta series
associated with some quadratic forms, see [8], [9], [10], [11], [12] and [13].

Recently, Williams, see [14] discovered explicit formulas for the coefficients of Fourier series expansions

of a class of one hundred and twenty-six eta quotients in terms of o(n),o(5),0(%) and o(%). One

example is as follows:

n*(22) 1" (42)1° (62) _ . N "
e Bz L 2

where
¢(n) =20 (n) — 30 (n/2) + 40 (n/4) + 90 (n/6) — 360 (n/12).

Then Yao, Xia and Jin [15] expressed the even Fourier coefficients of one hundred and four eta
quotients in terms of o3(n),03(%),03(%) and o3(%). One example is as follows:

AIEO e NP
@ ) e (62 (12~ L T 2 <0

where
¢(2n) = 6503 (n) — 6803 (n/2) — 8103 (n/3) + 32403 (n/6) .

Then the author determined the even and odd coefficients of the Fourier series expansions of a class of
eta quotients in terms of ox—1(n),ox—1(%), or—1(%) and ox—1(F) for k = 6[16], 8[17], 10[18], 12[19],
14[20], 16[21], 18[22], 20[23], 22[24], 24[25]. The Fourier series expansions of a class of eta quotients
in Mz (T, x) in terms of o(n),0(%),0(%5) and o(%) has been found by Alaca[26] and the Fourier
series expansions of a class of eta quotients in My (T'o, x) in terms of o3(n), 03(%),03(%) and o3(%)
has been determined by the author[27]. Here, we will determine the coefficients of the Fourier
series expansions of a class of eta quotients in Me (T'o, x) in terms of o5(n), 05(%), O'5(%), 05(%) and

Fourier coefficients of the eight eta quotients. The calculations have been done by Magma.
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Here we give the following Lemma, see [[28] Theorem 1.64] about the modularity of an eta quotient.

Lemma 1. An eta quotient of level N is a meromorphic modular form of weight %meam on
T (N) ,with Dirichlet character x, having rational coefficients with respect to q if

a) E am 1s even,

m|N
b) Z ma, = Z %am = 0 mod24,
(1" 1 me
c)x (m) = o

Now,

r1 4 2r2 + 3rg + 4ra + 676 + 12r12 = 0mod24 = 13(r1 + r12) + 8 (r2 +16) + 7 (3 + r4) = 0mod24
1271 4+ 672 + 413 4 314 4+ 216 + 112 = 0mod24 => 11(r1 —r12) +4 (r2 — 16) + (13 — r4) = Omod24
ri+ro+rs+ratret+rie=2k=ri+ri2o=2k—ro—r3—r4 —r6 =
132k —rg —r3 —r4 —16) +8(ra +16) + 7(rs +1r4) = Omod24
13% 2k —6(rs +14) —5(ra +16) = 0mod24 =

5(r2 + rg) = 0mod2 =
(r2 + r¢) = Omod2

—>the power of 2 is always even. So, if

rs +1r¢ + r12 = Omod2

the eta quotient is in Ms (I'0(12)) and if

r3 +re + r12 = 1lmod2

12

the eta quotient is in Mg (I'o(12), x3), where xs(m) = (2) = (£2), i.e., the primitive character

mod 12.

3
m

Let xo be the trivial character mod 1 i.e. it sends n to 1, x1 = (%4) be the primitive character mod
4 and, x2 = (%’) be the primitive character mod 3. Obviously, x3 = X0 * X3, X3 = X3 * X0, X3 =
X1 % X2, X3 = X2 * X1-

Let 1, ¢ are primitive characters modulo L and M respectively and LM¢|N. Then E;f“b(tz)
generates the Eisenstein subspace of My (I'0(12), x) , x = ¥.¢, where

B =5(p=1) - Bi’l Soolh el ) = Y (L) e@d
" on=1 0<d|n

In particular, since
a29a3 a4 20610012 _ oa2t2agtast2a12q9aztagtaiz
2723347467012 =2 3 ,
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an eta quotient of level 12 is a meromorphic modular form of weight 6 if
a1 +az +az+as+ag + a2 =12
and
a1 + 2as + 3asz + 4aq + 6ag + 12a12 = 12a1 + 6a2 + 4asz + 3as + 2a6 + a12 = 0mod24.

Since az + ag is an even integer, we conclude that it is a meromorphic modular form iff as + as + a12
is an even integer, and it is a meromorphic modular form with x3 iff a3 + as + a12 is an odd integer,
where x3 is the unique primitive Dirichlet character mod12 On the other hand, the modular forms
are holomorphic iff its order at cusps, %, 5135 1 6 and 12 are nonnegative, see [1] i.e.,

2
s leedlem)” s 0 for ez,

m
m|12

Theorem 1. Let xo be the trivial character mod 1, i.e., it sends n to 1, x1 be the primitive
Dirichlet character mod 4, and x2 is the primitive Dirichlet character mod 3.Then the Fisenstein
subspace of Mg (I'o (12), x3) is generated by

By X2—Z >ox ( ) (@ &),

n=1 0<d|n
X2:X1 __ 5\ 1
B Z > x ( )xl(d)d)q,
n=1 0<d|n
B " >
By = - =0 +Z > x ( ) (@) )" = =1631+ 3 (D" xa (d)d
n=1 0<d|n n=1 0<d|n
EXBXO,Z 3 x ( )ds) n
n=1 0<d|n
and the cuspidal subspace S (I'o (12), x3) is generated by
*(22) 1'% (32) n" (122)
g1 = g n "= ;
: Z = ) () (62)

N (e T 22) 7 (32) 0 (122)
g2 1= Zgz( )q = nit (z) ntl (42) e (62) ,

N (gt = T (B2) 0’ (122)
9= 95 (M) 4" = ' (2) 1% (42) 1° (62)

B - o 7729 (22) n° (32) n° (122)
g1=2)_91(n)gq" = 0 (2) n* (4z) n (62)

e ) o — n'? (2z)n" (32) n (4z) n (12z)
g .—;95( )q" = T (6 ,
N (e = T (22) 0" (32) 0 (122)
0= 2 e (M = T T T (62)

B - o 778 (2z) 773 (32) nlO (42)
gr = 297( Vg = n5 (2)n? (62) 2 (122)°
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N (g M 22) 0" (32) ' (122)
gs =) gs(n)q" = ) ) (6

n=0
Proof: Since
X3 = X0 * X3, X3 = X3 * X0, X3 = X1 *X2,X3 = X2 *X1,

the Eisenstein subspace of Mg (I'o (12),x3) is generated by

ExvX2 px2Xi BXOXs and EF*X°. Since g1, g2, g3, 94, g5, g6, g7 and gs are in Se (I'o (12) , x3), linearly

independent and dim(Ss (I'o (12), x3))= 8, it follows.

2 Conclusions

Now we can state our main Conclusion:

Theorem 2. The coefficients of the Fourier series of three hundred and thirty-siz eta quotients

"t (2) 1" (22) 0™ (32) 0™ (42) 1 (62)n™2 (122) = § (b1) + ) _ c(n)q",

n=1

where

[ 0if b #£0
5(1“)*{ Lifby =0~

in Mg (T'0 (12), x3) are given in the form

n n
cios5(n) + 6205(5) + 0305(2) + 0405(2) + 0605(6) + 01205(%)

+r1g1 (n) +r2g2 (n) + 7393 (n) + 714ga (n) + 1595 (n) + 1696 (N) + 7797 (N) + 7898 (1)
as in the Table 1 and Table 2 in Appendix.
Remark 1: S6(I'0(12), x3) is 8 dimensional, see [29] (Chapter 3, pg.87 and Chapter 5, pg.197),
and it is generated by A, and its seven conjugates. Here

1
1559907 655 458 892 672 (
t° — 801124794965200t° — 9510888797088577536t),

—49255¢7 — 14150369816

bkt =4+

1 6 4 2
+s5, 4 -+ —207t5 — 14589130t — 182408316832
58 3119815310017 785344 207" 589130 82408316832t
1
193411862 3 —27549¢°
HOL93A11862560)s” + 550 Ta0Tazara 2 0t

—1941622910t* — 24276167731424t> + 33349767825273824)s

are distinct eight conjugate roots of the irreducible polynomial

2% 4 911842° + 24436509122 + 20288134953728z2 + 8709491417518336,

where s is a root of the polynomial
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4 1

6 4 2 2

T+ 3357425 156( 81¢” — 5708790t™ — 71377167456t~ 4+ 596596707145600)x
1 6 4 2

+4178 12 578( 838557t” — 59100565630t™ — 738936091486432¢t

+4816031253239273920).

These illuminate the relations between our selected 8 eight eta quotients and basic newforms
in Se(I'0(12), x3).So one can pass from our selected 8 eight eta quotients to basic newforms in
S6(T'0(12), x3) and vice versa.

Remark 2: The coefficients of the Fourier series of the 60 eta quotients in Mg (I'o (12)) are given
in the form

c(2n) = —c105(2n) — c205 (n) — ca0s (g) — (33c3 +¢c6) 05 (g)

—(012 — 3203)0’5 (%) +7rifi (2n) + 7"2f2(2n) + ’I“3f3(2’l7,)7

c(2n—1) = —cios(2n—1) —c305 (Qng— 1)

Frafa(2n—1)+rsfs2n—1)+refs(2n — 1) + r7fr(2n —1),n € N

and, the coefficients of the Fourier series of the 74 eta quotients in Ms (I'g (12)) are given in the
form

c(2n) = —c105(2n) — c205 (n) — ca0s (g) — (33c3 +¢c6) 05 (g)

—(012 — 3203)0’5 (%) +7rifi (2n) + 7"2f2(2n) + ’I“3f3(2’l7,)7

2n —1
c(2n —1) = —cio3 (271—1)—0305( n3 ):07

exactly as in [16]. But, in this method we didn’t need to use (p, k) parametrizations. Here,

fri= 3" A ) g =0 (22)n (42) 1" (62)° (122),

f:=Y " f2(n)q" =n° (22)n° (42) n (62) n (122),

S g 122 (122)
foi= 3 I d = e )

S g = 2 62)
f4 —;f4( )q _7’]4(22)778(122),

fo=> fs(n)q" =n"(22),
n=0

Ny 1220 (62)
for= 30 1o 4" = ey
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LS e 1 6)
fr ,_;ﬁ( )q" = n'2 (22) n'2 (122)°
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APPENDIX

Table 1. The eta quotients and the coefficients ¢; ¢z ¢c3 ¢4 1 79

1\10 —(1114 ?; gg ii —afs a(l)z 9804%01 _i gi _ é%n _ 1387(;186 557 _ 15;2;5 583
o 13 13 27 -1 -13 -1 s 168 1R _ B _ 591025873 _ 7893188,
3 —12 12 24 -3 -6 -3 P _ 168t At _ 1537 _ 164796835 _ 1380
4 —12 13 24 -2 —13 2 18418 o 3% 1529 790870 397549
5 -11 11 21 1 —11 1 et 0 _Igsr 15887 510 588 459
6 —11 12 13 8 -6 -4 1513 1 g8t 15489 _ 291d3%s 5530,
7 —-11 12 21 -4 -6 0 48 148 g8t 18448 dopt 17587 8497 P
8§ -10 10 10 11 -4 -5 i 1 5163 et il _ 252984%~ _ 3
9 —10 10 18 -1 -4 —1 R 1681 2872 451 2%h3 080 13135850
10 —10 11 10 6 1 -6 12967 _ 168 5387 A% 6934803
11 -10 11 18 0 —11 4 198 o oy £35t 598840 199819
12 _9 9 7 9 3 7 16 48? 1 ob%8! 15489 _ 308%5%% 77 _ £94d2863
13 -9 9 15 -3 3 -3 O i 20896 B 2075850 1973
14 -9 9 15 3 -9 3 e 0 _ g o983 863 999 1§88
5 -9 10 7 4 8 -8 “Dehl? 1 &724 % _ 95858, B
6 -9 10 710 —4 -2 1’677 e ° 481 14 280841 17 9%

17 -9 10 15 -2 -4 2 243d5° 0 215,168 RO 720 0
18 -8 8 4 7 10 -9 A 1 15981 ASERT _ 139%%8%03 20888%67
19 -8 8 4 13 -2 -3 33347 st 1948 g8t _ 3786931, 54%Y
20 -8 8 12 1 -2 1 849872 0 860,572 13418 A0 34438
91 -8 8 20 -5 —14 11 38 0 3R 15439 1498403 339348
22 -8 9 4 2 15  —10 g _1 592 25385 126*085'697 19565,1205
23 -8 9 4 8 3  _a4 19123 g8t 6 5943 _ R0 6 P08 259
o4 _3 9 12 4 3 o 1(6'{§§4 o 107,584 1631 %ﬁﬁo 4231043632@
25 -8 9 12 2 -9 6 il 0 O 45387 39558, 184
%6 -8 9 20 2 —9 2 8058 1 25§96 598 _ O3 192,80
27 -7 7 1 5 17 —11 6578%34 — E 6370 14 _ B 18()1 _ 3?@%3 b _ 6%361%90%01
28 -7 7 11 5 -5 167 st %% K681 61383%%9 20 A
29 -7 7 o -1 5 _1 139p6 0 480,336 6831 18135410 173334
30 -7 7 9 5 7 5 Ay 0 1681 45§87 LR 593 3§

31 -7 7 17 5 -7 -3 105584 1 197584 163D 930, _ %R,
32 -7 8 1 0o 22 —12 g3zt 1681 Wi 3686 43887880 Y
33 -7 8 1 6 10 —s 5030 Y 13129 S 2305 P
34 -7 8 1 12 -2 o 38833 0 53492 1681 16251 B30 1264
35 _7 8 9 0 o 4 17?115%44 0 172};344 26?96 6%55}%5?0 6%35%

36 —7 8 17 -6 —14 14 194992 0 13448 (15§39 1845999 1818
37 —7 8 17 0 -2 —4 90876 1 10734 _'ad3? _ P83 _ 25
38 -6 6 2 3 924 —13 8784 _lggt a7t _ 1884 _ 72888930 _ 1288899
39 -6 6 -2 9 12  —7 70373 1681 5% 5943 _ 5288998 828898
0 -6 6 6 -3 12 —3 219,468 o 215,168 3362 15696,230 805
41 -6 6 6 3 0 3 2Pk72 0 _ gt 15329 809 589 30858
42 -6 6 14 -3 —12 13 161376 o 33292 o _ 35%008%s 293
43 -6 6 a3 0 _5 193,512 1 210,468 39338 _ 0808 _ 1Y
4 -6 6 22 -3 —12 5 _Sn 1681 % 4951 2038 %5 113
45 -6 7 2 -2 29 —14 R U 13das _ 394%ks _ 83785930 _ PTPP861
46 -6 7 -2 4 17 -8 AP 681 16§ 15,387 _ OREY 0293330
47 -6 7 -2 10 5 -2 25890 0 _ 26§96 1681 1073850 1075 849
48 -6 7 6 -2 5 2 1P 0 _1oges 16 385 16% 18b%468
49 -6 7 6 4 -7 8 1312¢% 0 _ S 5 gt _ 2168807 Eoesid
50 -6 7 14 -2 5  —6 43336 1 439736 _ %5 _ 87383889 11
51 _6 7 14 4 7 0 45 387 10681 16081 45 387 (ﬁ)%so 30§J B5]0

4847 1 717 3824 220059 299 42 960 5

2o Ty Lom TS mys TTesT o g TTas T pugp, 250
54 -5 5 3 1 7 1 197291 0 _lorped e 4593800 43943
55 -5 5 3 7 -5 7 *53054 0 _ 250 15429 _ 1833, 4386880
56  —5 5 1 -5 -5 11 1730844 0 1734344 26 8p6 B8 6885 76D
57 -5 5 11 1 7 -7 4%8 __1 5ﬁ2 _ﬁ _72%%3%%1 _ 12&9‘3%?9
58 5 5 1 7 5 1 67024 10681 67024 10681 26%?60 26§ 960

1151 8 454&979 4278959

T e Ty nm T g O ” 2763 0,
61 -5 6 3 -4 12 0 il 0 430436 G52 17219310 95
62  —s5 6 3 9 0 6 141218 0 _ 67 45§87 2429549 DA
63 -5 6 3 14 0 -6 645704 _ 1 #3908 10986 _ 1590923, _ 3689

6724 1681 6724 1681 537920 537920
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