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Abstract

We present fast fourth-order finite difference scheme for 3D Helmbholtz equ-
ation with Neumann boundary condition. We employ the discrete Fourier
transform operator and divide the problem into some independent subprob-
lems. By means of the Gaussian elimination in the vertical direction, the
problem is reduced into a small system on the top layer of the domain. The
procedure for solving the numerical solutions is accelerated by the sparsity of

Fourier operator under the space complexity of O(M 3) Furthermore, the
method makes it possible to solve the 3D Helmholtz equation with large grid
number. The accuracy and efficiency of the method are validated by two test
examples which have exact solutions.
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1. Introduction

Helmholtz equation appears from general conservation laws of physics and can
be interpreted as wave equations. Helmholtz equation is widely applied in the
scientific and engineering design problem. Many methods have been proposed
for solving the Helmholtz equations, such as finite difference method [1], finite
element method [2] [3] [4], spectral method [5] [6] and other methods [7] [8]
[9]. However, the computational cost of the finite element method increases
greatly for large wave number problems. Additionally, boundary element me-
thod is limited to constant-coefficients problems. Finite difference schemes pro-
vide the simplest and least expensive avenue for achieving high-order accuracy.
Some high order algorithms are proposed in [10] [11] [12] [13]. In this paper,

we derive a fourth-order finite difference scheme using 19 points for solving the
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three-dimensional Helmholtz equation.

The discretization of the fully three-dimensional Helmholtz equation contains
a large number of unknowns and requires considerable memory space. The time
and space complexity increase exponentially as the grid number increases. In the
meantime, to maintain a given accuracy, the mesh must be refined as the wave
number increases. Some parallel algorithms are presented in [14] [15]. However,
this kind of parallel algorithms cannot settle the conflict between the grid num-
ber and the performance of the computer hardware.

Fast Fourier transform is a powerful technique for solving the Helmholtz equ-
ation both in two and three dimensions [16] [17]. However, fast algorithm in [18]
requires much computational cost. In light of this, we propose a fast algorithm
for solving the three-dimensional Helmholtz equation. The fast operator applies
inexpensive transformation to break the large discretization matrix into small
and independent systems. Therefore, the equation in the whole region is divided
into some small equations in the vertical direction. Meanwhile, the algorithm
saves much memory space and requires less computational time due to the spar-
sity of the fast operator. The problem is reduced on the aperture by introducing
a Gaussian elimination and the Neumann boundary condition in the vertical di-
rection.

The paper is outlined as follows. In Section 2, a fourth-order finite difference
method for the Helmholtz equation is derived. In Section 3 and Section 4, a fast
algorithm is proposed by the Fourier transformation and Gaussian elimination.
Two numerical experiments of the fast fourth-order algorithm are presented in

Section 5. The paper is concluded in Section 6.

2. Fourth-Order Finite Difference Method

The model problem is described as follows

Ap+K¢=f, nQ

(1
¢=b(x,y,z), ondQ\T
in the cubic domain Q with Neumann boundary condition
0
—¢:g(x,y), onT, (2)
on

where 4 is the wave number and I is one of the planes of domain.
f(x,»,2),b(x,y,z) and g(x,y) are known function. The Helmholtz equa-
tion is approximated by a fourth-order finite difference discretization with
h=Ax=Ay=Az and the partition {(xi’yj$zl )}j"i*/ljﬂ,m

The 19-points finite difference stencil with A yields the following linear system

Kh? W
(1+ o j(5j+5j+5f);4’”+?(5jéj+5§53+5j§j)¢m+k2¢i,ﬂ, 3)

(02 1, 0.

where 53,5}2, and & are standard second order central difference operator
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and ¢, ;, is the fourth-order finite difference solution of Equation (1).

Moreover, we can write Equation (3) in the matrix form

2712
(1+%)(AM ®I,®I, +1, @A, @1, +1,®1,®4,)D

2

+%(AM®AN®IL+IM®AN®AL+AM®IN®AL)(D+k2q)+(DB (4)
hZ
:F+E(AM ®Iy®I, +1,®4,® I, +1,, ®I, ® 4, )F + F,

where

A, :hiztridiag(l,—2,1),AN :h—lztridiag(l,—Z,l),AL :hiztridiag(l,—Z,l),

T
q):(¢1,1,13"'9¢1,1,L3¢1,2,13”'9¢1,2,L9"'3¢1,N,L"”9¢M,N,L) >

T
F:(fl,l,l’"'=f1,1,Laf1,2,17"'nfl,z,La'”aﬁ,N,L:”'an,N,L) >

the symbol ® represents the Kronecker product. /,,I,,/, and [, are
identity matrices, the subscripts denote their dimension. A4,,,4, and 4, are
MxM,NxN and LxL tridiagonal matrices respectively. ®, and F, are
the boundary parts of ® and £

3. Fast Algorithm for Three-Dimensional Helmholtz Equation

A,, and A, are all tridiagonal Toeplitz matrices. Fourier-sine transformation
can be applied to these matrices for accelerating the algorithm. Multiplying dis-
crete Fourier-sine transformation matrices §,, and S, on the both side of

A4,, and A, ,we have
SyAySy =N, =diag(A, 4+, Ay, ), Sy AySy = A, =diag (4, sy, 11y ) »
where

g 2 )
(Sy). = 2 (sin Al j,l,=—4(M+1) sin? —— A<i, j<M.
oMU M+ a 2(M +1)

Sy and g,t=12,---,N can be defined in the similar way.
Therefore, multiplying S,, ® S, ® I, on both side of Equation (4), we have

272
[1+ klil ](A1 ®I,®I, +1, ®N, ® I, +1,, ®I, ®4, ) D

2
+%(A1 ON,®I, +1,® A, ®4, +\ ®I, ®4, )D+k’D+D, (5)

2
=F+f—2(A1 ®I,®I,+1,® A, ® I, +1, ®I, ®A4 )F+F,
where
D=(S,®S,®I)D,F=(S,®S,®I,),
D, =(5,®S,®I,)D,,F;=(S,®S, ®I,)F,.

The sparse structure of S,, ® §, ® I, is given in Figure 1 when
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Figure 1. The sparse structure of S, ® S, ® I, with M =N=K =3.

M =N =K =3, where nz means the number of the unknowns. Hence, the
above equation can be transformed into a block tridiagonal matrix based on the

structure of the fast operator. Equation (5) can be simplified as

Kh? h? _
KH > ](/ll.IL+,ujIL+AL)+?(/11./11.1L+,uJ.AL+ll.AL)+k2 D,
(6)

2

_ h _ _
=F,, +E(/IIJL + 0, +AL)F,M.; +Fy =@, i=12,M;j =12, N.

In this paper, we take I' as the top surface of the domain and it can be ex-

tended to the general situations. Since the solutions on the other surfaces are al-

ready known, we need to extract S, which contains the parts of q?l 1w from
—_— top LV
@, , there follows
Pijq)i.j,: + (p1 + oA+ DoH; ) aLZCDi,j,LJrl
_ R _ ) (7)
=F,.+ E(ML +ud, + 4, )F, +F, -0}

where

I n
P, :(1+ > j(/uL + 1, +AL)+Z(/1,,/¢_,1L + A+ A A )+ T,

— = k*h? n 1 T
:(DB,»’j’:_SB,Dpﬂplzl"_ D ,pzzz,au:h—z(oaoa”',l) .

Db
@

i

Next, we use the Gaussian elimination with a row partial pivoting to solve

Equation (7).
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First of all, constructing a LZU-decomposition for F;, ie. F; =L;U;, we have
LijUijq)i,j,: + (pz/li + DM+ P ) aL2¢i,j,L+1

L Fo_gl ®)
= E‘,j,: +E(/1i1L + /ujll + AL)F;E./; + FBi,j,: _CDB .

i)

Since L;.l is nonsingular, multiplying ijl on both side of Equation (8), we
can obtain

Uij&)i,j,: +(p2ﬂ’i a2 +pl)L;laL2¢Ti,j,L+l

_ R - 9)
_ 7! M
=1L, [F:j +E(%1L +ul, +AL)F:',j,: +Fy, — Py j

Consequently, the last equation of Equation (9) can be derived
A Pje +ﬂij¢i,j,L+l =”i,j,uiz1»29"'aM§j=132»""Ns (10)
where @ isthe last element of U;, f; is the last element of
(plel. + Pyt + py ) La;,,and 7, is the last element of
— h? — — _
L,}IE,/‘,: +E(}tl.1L il + A4, )E,,-,; + FB,-,,,: —(Dgi)w . Combining M x N equations
analogously to Equation (10), we have
Daq_):,:,L +D,Bq_):,:,L+1 = Rl’ (11)
where
. T
Da = dlag(all’an"'"aIN"“’aMl7aM2"“7aMN) >

. T
Dﬁ :dlag(ﬂH’lB]Z’“"ﬁlN"“’ﬂM]’ﬂMP'“’ﬂMN) >

T
R :(rl,l.L’rl,z,L""=’”1,N,L’r2,1.L9’"2,2,La'"»rz,N,L»"'s”M,l,Ler,z,La"'s”M,N,L) .

4. Discretization of Neumann Boundary Condition

The fourth-order finite difference discretization of Equation (2) can be ex-
pressed as

o¢ ¢: + _¢' "
on :%_?(@zz )i,.i,L + 0(h4)'

Using the fourth-order substitution of ¢__ we can derive

JEYRIN R 2 Kn: ?
[l+ p +?5Xz+?5y2 ¢i,/‘,L+2_ 1+T+?5x2+?5; ¢i,j,L

n ) .
=2hg, +?(fz)[ﬂ+1 =12, M;j=12,-N,

or the matrix form

k*h? s s @)
1+ . Iy +?(AM ®1,) +?(1M ®@Ay) (D)., — D, )+ Dy
(12)
h3
= Zhg + ?(f‘z ):,:,L+l :

where
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W T
( 0,0 ""0"'"bM+1,1,L’bM+1,2,L"">bM+1,N,L)

= bo,l,L’bo,z,L’"'vbo,N,Lv s

6

h? T
+ _(bl,o,L 50,0+, bl,N+1,L ’ bz,o,L 50,0+, b2,N+l,L PR bM,O,L 50,0, bM,N+1,L )

and b, L :b(xi:yjazL)‘

J>J

Multiplying S,, ® S,, on both side of Equation (12), we can obtain

2

Kh? h? h _ _ —0)
1+ 6 [MN +?(A1 ®[N)+?(IM ®A2) <®:,:,L+2 _q):,:,L) = R2 _q)B E (13)
where
n _
R, =(S ®SN)(2hg+?(JIZ):;’LHJ,CDE;) =(SM ®SN)CDE;) .

Moreover, replacing /with L+1 in Equation (3), we have

Y e k*n
[y R R R o

2

Kh) B o
J{[H 12 ]+Z(5x +5y>}(%¢+z+¢w) o

hz
= {f e R 5}2,55)/’,-,_,;“1}

and the matrix form

Kt 2K it Sk°h
|:£ +TJ(AM®IN+IM ®AN)+?(AM ®AN)_(2_ 6 ]IMN:|CD:,:,L+1

12

K*h? n )
+ | 14— |1, +?(AM ®Iy+1,, ®Ay) (D), + D, )+ DY (15)

2 12
F® :h—(AM @Ay +1, @4, +4, ®I, +?1MNJE,;,L+1

-—(1,, ®4,+4,®1,)F,,

B
_Z(IM ® Ay +4, ®]N)E,:,L+2'

Multiplying §,, ® S,, on both side of Equation (15), there follows

k2h4 2h2 h4 5k2h2
I:( +—j(Al®1N+1M®A2)+Z(A1®A2)_[2_ 6 jIMN:lq):,:,LH

12
(16)

? —
h (., +D.,)=R,,

k*h?
+ (1+7\J1MN +?(A1®1N +1M ®A2)

where R, =h" (F(3) + Ff)).
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Eliminating ®._,,, from Equation (13) gives

C®,,,, +2D_, =R - DB (R,-®,”), (17)

L+l

272 2 2
B:{Hk h jIMN+%(A1®IN)+%(1M ®A,),

MN >

274 2 4 272
C=(k§ +%j(Al®IN+IM®A2)+%(A1®A2)—[2—5k6h ]1

kK*h? n’
D:(IJFTJIMN +?(A1 ®IN +1M ®A2)

Combining Equation (11) and Equation (17) and derive a linear system

A (T):,:,LH = R’ (18)
where
4=C-2DD;'D,,R=R,~DB" (R, &) -2DD;'R,

Finally, after deriving @, , we can obtain @, ;. by substituting @, in
Equation (7). Multiplying §,, ® S,, ® [, , we can get the numerical solution of
the 3D Helmbholtz equation.

5. Numerical Experiments

In this section, two numerical experiments are presented to test the validity and
efficiency of the proposed method. Both experiments are implemented on
MATLAB. All the equations are solved by the BiCG method. Equations in the
two examples are solved in a cube Q=[0,1]x[0,1]x[0,1].
Example 1. Consider the following problem
u(x,y,z):M[%inh(ﬁnz)+sinh(\/§n(1—z)ﬂ (19)
sinh (\/ET[)
with
u(x,y,z) =sin nx)sin(n‘y),z =0,
u(x,y,z) = 2sin(nx)sin(7ty),z =1,
u(x,y,z):O, ye{O,l},zzO,

f =0 and the corresponding Neumann boundary condition can be calcu-
lated.

Table 1 fully corroborates the theoretical design rate of the convergence for
the proposed method. We can see that a good accuracy (107) is achieved with a
small number of grid points (16 - 32 in each direction). In the case of space
complexity of O(M 3) , the sparsity of Fourier operator accelerates the speed for
solving the three-dimensional Helmholtz equation. Moreover, the comparison of
the computational time of three times Fourier transformation and twice Fourier
transformation are given in Table 1. Here §,, ®S, ®S, and S, ®S, ®],
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represent two different transform operators. As we can see from Table 1, the al-
gorithm proposed in this paper saves much computational time and makes it
possible to solve the equation with large grid number. Meanwhile, we give the
numerical solutions of Equation (19) in the whole domain and numerical solu-
tion on the face z=)4 in Figure 2 and Figure 3 respectively.

Example 2.

u+k*u= (—27t2 )sin(nx)sin(ny)sin(kz), inQ,
u=0, onoQ\T,
with the exact solution
u = sin (7x)sin (my )sin (kz). (20)
We give the figures of the numerical solutions U with different wave number

in Figure 4 and Figure 5. As shown in Figure 4 and Figure 5, the solutions of

the Helmholtz equation are highly oscillating for large wave number.

Table 1. Convergence rate and comparisons of computational time (s) for solving Exam-
ple 1 with different operators.

Solve Utime (s)
M Memory (MB) Error Conv. rate
5, ®5,®S, S, 0 0S8,

32 0.7556 0.5286 0.9472 7.4431e-07 -

64 28.5552 3.8459 6.7842 4.82273-08 3.9480
128 1051.3515 59.8049 51.1303 3.0654e-09 3.7223
256 46,725.7567 1013.8436 396.1303 1.9288e-10 4.2437
512 - 21,228.72458 3122.0200 1.1633e-11 4.0514

18

12

08

0 o
Figure 2. The numerical solutions of Equation (19) with M =512.
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Figure 3. The numerical solutions of Equation (19) on the face z=1/2 with M =512.
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Figure 4. The numerical solutions of Equation (20) with &k =3xn (left)and & =5n (right).
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Figure 5. The numerical solutions of Equation (20) with &k =7n (left)and &k =15z (right).
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6. Conclusion

We propose a fast-high order method for solving the 3D Helmholtz equation
with Neumann boundary condition. Fourier operator is used to generate
block-tridiagonal structure of the discretization of the Helmholtz equation.
Moreover, by using the Gaussian elimination in the vertical direction, the
Helmholtz equation is reduced into a linear system in the layer of the domain.
The validity and efficiency of the method are tested by two numerical experi-

ments.
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