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Abstract

The Hypoexponential distribution is the distribution of the sum of 2 independent
Exponential random variables. This distribution is used in modeling multiplZ*.Zyonential stages
in series. This distribution can be used in many domains of application. In this paper we find a
modified and simple form of the probability density function for the general case of the
Hypoexponential distribution when its parameters do not have to be distinct. This modified form
is found by writing the probability density function of this distribution as a linear combination of
the probability density function of the known Erlang distribution. Also, this modified form
generates a simple form of the cummulative distribution function, moment generating function,
reliability function, hazard function, and moment of order k for the general case of the
Hypoexponential distribution. Moreover, new identities are established. Finally, we consider the
coefficients of this linear combination and propose an algorithm to compute them.

Keywords: Hypoexponential distribution; erlang distribution; probabilty density function;
cummulative distribution function, moment generating function; reliability function;
hazard function; expectation.

1 Introduction

The sum of Random Variable (RV) plays an important role in modeling many events [1,2]. In
particular the sum of exponential random variable has important applications in the modeling in
many domains, such as communications and computer science [3,4], Markov process [5,6],
insurance, [7,8] and reliability and performance evaluation [3,5,9]. Nadarajah [10], presented a
review of some results on the sum of random variables.

Many processes in nature can be divided into sequential phases. If the time the process spends in
each phase is independent and exponentially distributed, then the overall time is
hypoexponentially distributed, see [3].
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The Hypoexponential distribution is the distribution of the sum of m =2 independent
Exponential random variables. The general case of this distribution is when the m parameters do
not have to be distinct. This general case can be written asS,, = Y-, Z;{‘:lXij, where X;; is an
Exponential RV of parameter a;, written as X;; ~» Exp(a;), for1<i<nand1<j<k; and
m =Y, k; . However, the case when m =1 the m parameters are identical and the
Hypoexponential distribution is the Erlang distribution [4]. Also the case when k; = 1 for all
1 < i £ n, the m parameters are distinct, known to be the Hypoexponential distribution with
different parameters discussed by Smaili et al. [11]. Moreover, the general case can also be
considered as the sum of Erlang distributions. The study of this general case was discussed by
many authors see [5,12].

In this paper, we find a modified and simple form of the PDF for the general case of the
Hypoexponential distribution. This modified form is a linear combination of the PDF of the
known Erlang distribution as fg (t) = ¥i, Z;‘il Ajjfy;; (). where fy, (t) is the PDF of the
Erlang RV Yj; of parameters j and ;, written as Y;; ~ Erl(j, a;), and A;; are the coefficients of
this linear combination. Similarly, the CDF, MGF, reliability function and moment of order kfor
the general case of the Hypoexponential distribution is written as a linear combination of CDF,
MGF, reliability function and moment of order k of the Erlang distribution respectively. So, in
order to obtain a comprehensive study of Sy, is from the known Erlang random variable ;.

After introducing some definitions and notations in section 2, we expose the linear forms in
Section 3. Moreover new formulas, equations and identities are presented. Finally in section 4, we
design an algorithm for finding the coefficients of the linear combination, 4;;, stated in section 3.
Moreover, we present the reliability and hazard functions in an example.

j

2 Definitions and Notations

Let X;; be m independent Exponential RV, where the parameters a; do not have to be distinct for

1<i<nand1<j<k;andm =Y} k;. We definct the random variable S, = }\]-; Z;‘i:lXij
to be the Hypoexpenential random variable with parameters @; and k;, i = 1,2,...,n, written as
Sm ~ Hypoexp(&, .\E), where @ = (ay, @y,..., @,) and & = (ky, ky,..., k), which means that a;

has repeated k; times. Also Sy, can be considered to be* the sum of n independent Erlang RV Zj,
forl<i<nas

Sm =TIt Z, @.1)
where Z;,, = Z;‘i:lXij for1 <i<n.
Next, we state some notations and definitions used throughout the paper.
a. Xy ~ Exp(ay), Zy; ~ Erl(k;, ap), Yy ~ Erl(j, ap).
b. fx: the probability density function (PDF),Fy: cummulative distribution function (CDF),
®y: the moment generating function (MGF),Ry: the reliability function and hy: the

hazard function of the RV X.
c. E[X¥] is the moment of order k of RV X.
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1

d. gi(Q)(s): is the g*"derivative of the function g;(s) = Mt jei—
’ (s+a1-) )

3 Modified Form of the PDF and Related Functions for the
General Case of the Hypoexponential Distribution

This section is divided into 4 subsections. In section 3.1, we find a modified and simple form of
the PDF for the general case of the Hypoexponential distribution. In the second section, we
deduce a new expression of the CDF and some equalities are obtained. The MGF and moment of
order k were considered in Section 3.3. Some identities and formulas are obtained. The formulas
are applied in two particular cases for k = 1 and k = 2. In the last section a modified form of the
reliability and hazard functions are given.

3.1 PDF for the General Case of the Hypoexponential RV
In this part, we find a modified and simple form of the PDF as a linear combination of the PDF of
the known Erlang distribution stated in Corollary 1. This modified form is applied on the two

particular cases of the Hypoexponential random variable.

We start by stating in the following theorem, the PDF fior the general case of the Hypoexponeritial
distribution given by Jasiulewicz and Kordecki [5].

Theorem 1. Let m =2 and vaHypoexp(&,E) where @& = (ay, tty, ..., 0t;) and % =

n kiyyn yki tite Gt
(kl, k2, ey kn) Then,fsm (t) = (Hi=1 ai ) Zi:l Zj=1 Cij G-1)! I(OI,X,)(t),Where
- 1 . '(ki—].)
U = Goprsim di (8- G-

In the following Corollary we give the modified form off PDF forH ypoexp(c'f, E)

Corollary 1. Let m =2 and Sy, vapoexp(c_f,i}E) where @ = (ay, @y, ..., &) and -
(ky, ko, -, k). Then

Fon® = T TL At (0, (3.2)

Where
ki Cij
A =TTk l)ﬁ (3.3)
L

and c;; is defined in Eq (3.1).

Proof. From Theorem 1, the PDF of S,,, can be written as
ki Cij (a;t) " Laze™%

fon® = (M @) T, 3, Y02 2y o), (3.4)
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where ¢;; given in Eq (3.1).

Now, we define that 4;; = ([T}, aiki)c—i’: and fy, () =

(a;t)) " 1a;e~ it :
(), for1 <i< d
p = (0,0 (1), for i <nan

1 <j < k;. However fyl.j(t) is the PDF of the Erlang RV so called Y;; having the parameters j

and a;. Therefore, we can rewrite Eq (3.4) in the following; form f5_(¢) = X1, Z;‘il Ajj fyl.j(t).
Next, we present the two particular cases of Hypoexp (6:’, ll)

Case 1.n = 1, The Erlang Distribution.

In this case, we have the m exponential stages having identical parameters, which is the Erlang
distribution. This case was presented by many authors as [12]. Thus forn = 1,& = @, and k=
ky, we may write Hypoexp(&, E) = Hypoexp(aq, k,) = Erl(k,, a;). Moreover, Corollaryl -can
be written in the form fg (t) = fy ™ (t). This form gives the following corollary.

Corollary 2. Let S; ~ Evl(ky, ay). Then Ay = 0for 1 < j <ky—1and Ay, =1

Proof. This case is when n =1, then m = k; and from Eq (3.2) we obtain that fg (t) =
Zf;lAljfylj (t). By comparing with fg_(t) = fylk1 (t), we obtain thatd;; =0 for1 < j<k; -1
and A1k1 =1.

Case 2.k; = I;,i = 1,2,...,n. The Hypoexponential distribution of distinct parameters.

This case wias treated by Smaili et al. [11]. Having k; =1,i =1,2,...,n, we may write
Hypoexp(d’,?\f) = Hypoexp(&) and the PDF in Corollary1 is given in the following corollary.

Corollary 3. Let S, ~ Hypoexp(a).Then fs, (t) = Xi_; A fy,, (t) where Ay =

n @)
]:1,]¢l(aj_ai)'

Proof. This case is when k; = 1, thus m =n. From Eq (3.2), fs, (t) = XiL; Aify, () and
Yy ~» Erl(1,a;) = Exp(a;). However, in [11], Smaili et al. presented the PDF of this case as

aj aj
for, () = X1y Ty o (ﬁ) fr;, ). Therefore, Ay = H?zlvjii(()leJ(in)-\
3.2 CDF for the Hypoexponential RV
In this part, we introduce a modified form of the CDF for the general case of the Hypoexponential
RV. Moreover, an equality for the coefficients A;; of the linear combination is obtained which

shall be used later.

Corollary 4. Let m = 2 and Yij ~ Erl(j,a;) for L <i<nand 1 < j < k;. Then
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Foy (¥) = Ty TjL, AyjFy, () (3.5)

Proof. The proof is a direct consequence of Corollary 1, knowing that CDF is the integral of the
PDF. Hypoexponential RV.

In the next, proposition we determine an identity for the coefficients of the linear combination
stated in Eq (3.2) using the above Proposition.

Proposition 1.y, Z;{il 4 =1.

Proof. We have the cumulative of any random variable at infinity is 1. Then verifying this in Eq
(3.5) gives the above result.

In the next Theorem, we use Propositions 1 and Corollary 4 to find a new form of CDF for the
general case of Hypoexponential RV.

n ki r(j,aix) .
Theorem 2. Let m > 2. Then Fs, (x) = 1 - X1 XL, Ay ml(o,‘,,)(x), where I'(a, 2) is the
upper incomplete Gamma function [14].

Proof. We have from Corollary 4, Fg_(x) = Xi’, Z?ilAi jFy;;(x). Moreover, its known that the

: Nk
CDF of the Erlang distribution see [13], is given by Fyl.j(x) =1-e ¥ 2{;%) (a;j) Lo,y (%),

. "
where Y;; ~ Erl(j, ;). Thus Fg (x) = X1, Z;‘L:lAij (1 — e wx Y (“;j) )I(O‘w)(x) But from

. i .k QX0 .
Proposition 1, Y7, Z;“:lAij =1and Z{czt (az) =2 l(jr_(ll')lflx) , where I'(j, a;x) is the incomplete

Gamma function see [14]. Therefore, we obtain that result.

3.3 MGF and Moment of Order k for the Hypoexponential RV

In this part, we introduce a modified form of the MGF for the general case of the Hypoexponential
RV. Next, we introduce two new forms of the Moment of S, of order k of the general case of the
Hypoexponential RV. These new forms are compared to determine a generalized equality. Our

results are applied on the two particular cases k = 1 and k = 2.

Corollary 5. Let m = 2 and Yj; ~ Erl(j,a;) for L <i<nand1<j<k;. Then

D, () = XL, 20, Ay Dy, () (3.6)

Proof. The proof is a direct consequence of Corollary 1, knowing that for any RV X, ®x(t) =
I2) e fx(x)dx.

j
... ki af iy =
Proposition 2.&;_(t) = ?:12,;1141'1‘ F_lt)}.for t <min{a}, a@ = (ay, ay,..., ay).
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Proof. From Eq (3.6), ®g_(t) = ?:12?:1 A;j Oy, (t). However, the moment generating function
(a;—t)J
see [13] and [8]. Hence t < min{@}, & = (a;, a5, ..., &y). Thus, we obtain the result.

of the Erlang Distribution Y;; ~ Erl(j, &;) is given by (Dyl.],(t) =

fort<ea;i=12,...,n

Corollary 6. Let m = 2 and Y;; ~ Erl(j,a;) for L <i<mnand 1 < j <k;. Then

Fey
E[Sr’rc1] = ?=1Zj=1AijE[yi’jc' . (3-7)
Proof. We can directly obtain from Corollary 5 the result, where we have for the any RV X,
d* oy (t)
k] —
E[X*] = gk le=o-

Proposition 3. Let m > 2 and kbe a positive integer. Then

ki j+1).(j+k-1)
E[Sk] = $I, X1, 4, 100t

13

Proof. From Corollary 6, E[Sk]=Y", Z;‘;AUE[YL-’]‘- . However, Y;; ~ Erl(j,a;) and the
moment of ¥;; of order k is given by

Ky _ TCk+))
E[Yj] = e (3.8)

D jG +1)...(J + k — 1). Therefore, we obtain the result.

see [13]. Also 5

In the next proposition, we use the idea of writing S,,, as a sum of Erlang RV in Eq (2.1) to write
the moment of S,, of order k in another new form.

Proposition 4. Let m = 2 and kbe a positive integer. Then

FISK] = Se kt (4770 (Fe) | (atinet) 3 2

L In
where Ey, = {(l;,...,,)/0 < <k; Y, i=k1<i<n}

Proof. We have from the definition that S, can be written as a sum of Erlang Distribution,
Zy, ~ Erl(k;, @) ,i=12,..,n given in Eq (2.1). Moreover, E[sk1=E [(Zk1 + Zy, + -+

Z kn)k] and using multinomial expansion formula, we obtain that:
E[Sk] = E |%p, ——— (X1 X% ..x)| . Knowing that tation s li d 7, i=
] = ZEkll!lz!...ln!( X2 LX) owing that expectation is linear and Z, , i =

T(I+k)
alr (k)

1,2, ..., n are independent having from Eq (3.8),5[2}6] = = (k+f_1) 6—1!7, we obtain that
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EISKl =)y Elge) Bz - Flz)

_ Z k! k1+ll—1 ka+lz—1 kn+ip-1 L o
Ek . ll 12 X ln ll . alz ue ln.
2

ay an

In the following two corollaries, we use Propositions 3 and 4 to formulate two important special
cases: k = 1, Expectation, and k = 2. However, some Identities concerning A;; have been
established.

ki i
Corollary 7.E[S,,] = Y, Zf:lA”aii =yn

Proof. From Proposition 3, E[S,’fl] = '-1_121.“'_ A](]H)aw Set k =1, then E[S,,] =

e Z;‘il Aj; But E[S,] = Thus we obtain the result.

kk]

Corollary 8.E[S3] = X1, T, A, ’(g_“ {11"("_2“)+221<L<,<n

I.

Proof. From Proposition 3, take k = 2, we obtain that E[S3] = X1, Z’.ci Aijj ({1 J;l). Moreover,
i

from Proposition 4 we obtain that E[S%] = X, 2! (lel_l) (kZHZ 1) i (k”H"_l) %—iz . —1—

I L In
_ Z? L2 (k +1) + 21<L<]<n2 (k )(k]) Zn kl(l;+1) + 221<L<]<n kikj

ajaj ajaj’

3.4 Reliability and Hazard functions for the Hypoexponential RV

In this part we give a modified form of the reliability (survivor) and hazard (failure) functions.

The following corollary is a direct consequence of Corollary 4 and Proposition 1.
Corollary 9. The reliability (survivor) function of the Hypoexponential RVHypoexp(&, nE)
a=(a,ay...,an) and k = (ki ko, ..., ky) is given by

F(}a t)

ki ki
Rsm(t) = ?=1Zj;1AinYij(t) = ?:121'1:1 G-

L) (),
where I'(j, ;t) is the upper incomplete Gamma function, see [14].

The following corollary is a direct consequence of Corollary 1 and 9.

Corollary 10.The Hazarll (failure) function for the Hypoexponential distribution H ypoexp(d", .\E)
a=(a,ay...,an) and = (ky, ky, ..., k) is given by

2?=12 AI.]hY (DRy; (f)

Z?=1Z AURY (6)

hs,,, (£) =
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4. Algorithm for Finding 4;;

Our method in finding A;; presented in this section is a recursive algorithm. This method uses

logarithmic properties and the Leibnitz’s m*"* derivative. In addition, we present an example
showing the reliability and hazard functions.

n

ki .
Proposition 5. Let 1 < i <n, 1< j < k;. ThenA;; = Hl(kl a‘)‘ lim glkl D(s).
N s-o—ay

Proof. We have from Eq (3.1) and (3.3), 4;; = (l‘[ L a ) and - (kl 1)(5)

(ki=Pt s>- af
respectively. Thus, we may write 4;; in the given form.

Theorem 3. Let1 <i<n,1<j<k; Then
q) il q-1 1+1 Dk (g-1-1)
() =X 1(H D = Li# (a1 ) i (s) forqg=1.

Proof. We shall find the (k; — j)®* derivative of g;(s) in a recursive way. First, we apply
logarithmic to g;(s) = [1j=q j=i ! 5 We obtain that Ing; (s) = — X4 j« kin(s + ;).

(s+a 1)
Second, we differentiate the above equation with s, leads toglE i = T=1jei i and g;(s) =
ki k;
—9i(8) X1 jei g Now, et u; = — ?:1,;#:1, and v; = g;(s) , thus gi(s) =uv; . By

@j
applying Leibnitz’s q”‘ derivative to u;v;, we obtain

(9:))@ = L (D (5)p ()],

However, u( )(s) = (—1)*t PN (S(D Y and vi(q_l)(S) = gi(q_l)(s). Therefore,

ta; )l+1

(q+1) il OIS (a-0
9" () = Tl 1)”1( = um(ﬁ—a)ﬁ> (5

Next, we give an application of a system consisting of independent exponential devises in
stages.We show some curve illustrating our example.

Application. A gystem consists of 6 indepehdent exponential devices in stages having parameters
a = (1,2,6) and k= (2,3,1). Then, the lifetime distribution of the system follows a
Hypoexponential Distribution Hypoexp(c? E) having a PDF (Fig. 1) from Corollary 1, fs, () =
ki _ 123 . _ 768 . _ _ _
L XL Aify, (0 = ———(6e™%) + — e ——=(e™ += (4t 2ty 4.2 (te 5+

200
3 4¢2p72t
E( te™").
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Fig. 1. lifetime distribution of the system

and having a Reliability (survival) function (Fig. 2) and Hazard Function (Fig. 3) from Corollaries

9 and 10,
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Fig. 3. System failure rate

t
Fig. 2. probability of surviving at least till age

5. Conclusion
A modified form of PDF, CDF, MGF, reliability function, hazard function and moment of order k
for the general case of the Hypoexponential distribution were established. Moreover, some new
related identities were given. The proof has been done by writing the PDF of the Hypoexponential

distribution as a linear combination of the PDF of the known Erlang distribution and applying

some linearity properties. Eventually, we find an algorithm for determining the coefficients of the
linear combination, A;;. The obtained identities containing A;; maybe used in future work for

finding a new method to compute 4;;.
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