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Abstract
In this paper, we study the summations 3, oy (f(a+0)+ f(b+¢c)+ f(c+a)) and
a+b+c=n
Papedent (flatb+c)+ f(b+c+d)+ f(c+d+a)). Especially, for the first summation we

a+.b+c+d:n . . .
obtain some relations related to Bernoulli and Euler polynomials.
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1 Introduction

The study of arithmetical identities is classical in number theory and such investigations have been
carried out by several mathematicians including the legend Srinivasa Ramanujan. For n € N with
1 € NU {0}, we define some notations which also appear in many areas of number theory:

oi(n) := Zdl, Si(n) = iil (n#1), Si(1)=0,

d|n

and [z] called the floor of =, denotes the greatest integer that does not exceed z.
The Bernoulli polynomials B, (x), which are usually defined by the exponential generating function

xt m

te > t
et 1 - Z Bm(x)%7

m=0

play an important role in various areas of mathematics, including number theory and the theory
of finite differences (see [2]). The Bernoulli polynomials satisfy the following well-known identities :

Bn(z+1) = Bpn(z) =mz™' (meN)
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and

m B, 1(ﬂ+1)—Bm 1(0)
> = | a (m €N), (1.1)

where N denotes the set of positive integers. We set B,,, := B,,,(0). It is obvious, from the way
the polynomials B,,(x) are constructed, that all the B,, are rational numbers. It can be shown that
Bam+1 = 0form > 1, and is alternatively positive and negative for even m.

Let n be a positive integer and let f : Z — C be an even function. In 1858 Liouville stated the
surprising result that the sum called the third identity of Liouvile

Y. (fla=b)—fla+b)

(a,b,x,y)6N4
axr+by=n
d
— 1(0) (01(n) — o0(m) + 3 ( Lo —d) )23 <Zf(v)>
o o

can be evaluated in terms of sums over the positive integers d dividing n (see ([5], p. 247)). In
2000 Huard, Ou, Spearman and Williams (see [7]) proved a far reaching generalization of Liouville’s
Identity as Proposition 1.1. We introduce Proposition 1.1 which is the motivation of our results Lemma
2.1 and Lemma 2.3.

Proposition 1.1. ([7], Theorem 13.1) Let f : Z* — C be such that

f((l, ba xay) - f(mayv a, b) = f(*d, 7ba fL',y) - f(mayv —a, 7b) (1 2)
for all integers a, b,z andy. Letn € N. Then

Z (f(a,b,x,—y)—f(a,—b,x,y)+f(a,a—b,x+y,y)

(a,b,@,y)eN?
ax+by=n

_f(a a+b y—x, y)—|—f(b—a,b,z,1:+y)—f(a+b,b,:1:,x—y))

1.3
_ZZ 7d7xd+f( 07d,l‘)+f(g,%,d—$,_l') ( )

deN zeN
din z<d
n n n n
- f(x7x _d7 E»E) - f(m:d707 E) - f(d7x>g70))7

where the sum on the left hand side of (1.3) is over all positive integers a, b, z,y satisfying ax +
by = n, the inner sum on the right hand side is over all positive integers x satisfying x < d, and the
outer sum on the right hand side is over all positive integers d dividing n. (See also ([3], Theorem 1))

In this paper we will find a special formula of the summation

> (fla+b)+ fb+c)+ fle+a))

(a,b,c)€N3
a+b+c=n

and so, by using this, we will present some relations related to Bernoulli polynomial and the generalized
Riemann zeta function :
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Theorem 1.1. Letn € N. Ifl € N, then we have

AN 1 l—itj -
A(l,n) = Z (l> Z (]) [ Z (—1)™*

7=0 m=0

. . n—2
« <l +1—1 +J> B,, Z(n R I (= e — 1)l
=1

m
(I+1) (Big2(n) — Biy2) — (1 +2) (Bi+1(n) — Biy1)
T+2)(1+1) ’
Furthermore, ifl € N U {0}, then we obtain

A(l, n) = Sl+1(n) — Sl(n).
Corollary 1.2. Lett,l € NU{0}. Then we have
(@)

(b) Let A(l,n) = Sit1(n) + Si(n). So

> Al n)A(l n) = Sty (n) - Sa(n).

=0
Corollary 1.3. Leti,n € N. Then we have

2+l 4 (l, [”; 1}) — A(l,n) + 2781 ({”;1})

B (0) = Bi(0) = (=1)" (Baa(n) - Ei(n))
2 b

where Euler polynomials E,(z) are defined by 3°:°, Ei(xz) % = 227

2 Proofs of Lemma 2.1, Theorem 1.1 and Corollary 1.2

Using the four basic theta functions, one is led to the formula (see ([7], p. 14)) :

3 ((a +0)% — (a— b)%) = 3 2w (kneN). 2.1)
4 meN
S min
a,b,z,y odd % odd

There are several arithmetical formulae due to Liouville. A classical one of Liouville very often
used in elementary number theory (completely avoiding the hard analysis) is that (see ([4], p. 144)) :
Forn € N and for f : Z — C an even function, the identity

> (flat+d) = fla=b))= > (f(2m)~ f(0) 22
(a,b,@,y) N4 meN
ar+by=2n ’m\n
a,b,z,y odd % odd

holds.
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Lemma 2.1. Letn > 3 be a positive integer. Let f : Z — C be a function. Then

S (flat+b)+ fb+o)+ fleta) =3 (n—k—1)f(n—k).

(a,b,c)eN? 1
a+b+c=n

n

ol
Il

Proof. We note that

> (fla+b)+ fb+o)+ flc+a))

(a.,b,c)EN3

a+b+c=n

=3 > fla+b)=3)_fk) > 1
a+b+c=n k>2 a+b+c=n

a+b=k

=3{(n=2)f(n-D+n=3)f(n=2)+--+(n—(n—1)) f(2)}

=3 (n—k—1) f(n—k).

k=1

We can see the arithmetic function F;(n) given by
1, I
F(n):=4" |
0, ltn
forI,n € Nin ([7], p. 32). Using this function we introduce Example 2.2 and Example 2.4.

Example 2.2. Let us consider the function f(xz) = Fz(x) in Lemma 2.1. If n is even, then the left
hand side of Lemma 2.1 is

> (fla+b)+ fb+c)+ flc+a))

(a,b,c)eN
neN
a+b+c=2n
=3 Y  FB+b=3 > 1
a+b+c=2n a+b+c=2n
2|(a+b)
and the right hand side of Lemma 2.1 is
2n—2 2n—2
3 @n—k-1)f@2n—k)=3> (2n—k—1)F(2n—k)
k=1 k=1
2n—2 2n—2
=3 > (@n-k-1)=3> (@n-k-1)
k=1 k=1
2|(2n—k) 2|k
n—1
=3Y (2n—2k—1)=3(n—-1)?
k=1

where we use 7 _, k = ™) These facts show that
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Yo 1=(m-1)? (2.3)

a+b+c=2n
2|(a+b)

Also, if n is odd, then we obtain

> (flatb)+ fb+c)+ flc+a))
(a,b,c)EN3

neN
a+b+c=2n—1

=3 Y  FB@+b=3 > 1

a+b+c=2n—1 a+b+c=2n—1
2[(a+b)
2n—3 2n—3
=3> (@n-2-k)FR@2n-1-k)=3 >  (2n—-2-k) (2.4)
k=1 k=1
2|(2n—1—k)
2n—3 2n—3 2n—3
_32 2n—2-k) =3¢ > (2n—2-k)— > (2n—-2-k
k=1 k=1
2’rk 2|k
2n—3 n—2
:3{2(%2 -y (@n-2- 2k}:3(n1)2.
k=1 k=1
Therefore, by (2.3) and (2.4), we conclude that
n+1 2
> ()
neN
a+b+c=n
2|(a+b)
We can prove Lemma 2.3 in a similar manner as in the proof of Lemma 2.1 as follows :
Lemma 2.3. Letn > 4 be a positive integer. Let f : Z — C be a function. Then
n—1
3
> (fla+b+o)+ fb+e+d) + flc+d+a) = 5 > (k= 1)(k —2)f(k).
(a,b,c,d)€N4 k=1
a+b+c+d=n
Proof. We observe that
> (flat+b+o)+ fb+c+d) + flc+d+a)
(a,b,c,d)EN*
a+b+ct+d=n
=3 > flat+b+o=3> fk) > 1
a+b+ctd=n k>3 a+b+ct+d=n
a+b+c=k
— n—1
(k—1)(k-2)
Z J{1+2+4..+ (-2} =3 f(k) R
=3 k=3
3 n—1
= 23 (k= Dk = 2)f ().
k=1
O
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Example 2.4. We apply the function f(x) =
of Lemma 2.3 is

>

(a,b,c,d)eN*
neN
a+b+ct+d=2n

F>(x) inLemma 2.3. If n is even, then the left hand side

(flat+tb+c)+ fb+c+d)+ flc+d+a))

=3 > FBl+btco=3 > 1
a+b+c+d=2n a+b+ct+d=2n
2|(a+b+-c)
and the right hand side of Lemma 2.3 is
3 2n—1 3 2n—1
SO =Dk =2f(k) = 5 D (k= Dk - 2)Fa(k)
k=1 k=1
3 2n—1 3 n—1
=3 (k—l)(k—2):5 (2k — 1)(2k — 2)
k=1 k=1
2|k
3= 1
2 3 2
=5 2 {4 =6k +2} =2 {4n” — 150" + 17n - 6},

ko

=1

where we use Y7 _, k? = “tHEHD  Thege facts lead us to

>

a+b+c+d=2n
2|(a+b+c)

Similarly, if n is odd, then we have

>

(a,b,c,d)eN?

neN
a+b+c+d=2n—1

=3

>

a+b+ct+d=2n—1

M|

n

N W

>
I

1

1(% —1)(2k—2) =

1= % {4n® — 15n° + 17n — 6}.. (2.5)
(fla+b+c)+ fb+c+d) + flc+d+a))
Fr(a+b+c)=3 Z 1
a+b+ct+d=2n—1
2|(a+b4+-c) (2.6)
2n—2 3 2n—2
> (k=1)(k - 2)Fa(k) = 5 > (k=1)(k-2)
k=1 k=1
2|k

% {4n® —15n* +17n — 6} .

Therefore, by (2.5) and (2.6), we conclude that

1 n+11° n+11?2 n+41
S 1_6{4{ : ] 715{ ; } +17[ ; }6}.
neN
a+b+ct+d=n
2|(a+b+c)
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Proof of Theorem 1.1. Let/ € NU {0}. We apply f(z) = z' in Lemma 2.1. Then the left hand side
is

> (fla+b)+ fb+c)+ flc+a))

(a,b,c)EN®

a+b+c=n

=3 > fla+b)=3 > (a+b)
a+b+c=n a+b+c=n

C/ (2.7)
3 Z Z <Z> alfibi

a+b+c=n i=0

l
3Z<i> Z a7,
i=0

a+b+c=n

Here, we can observe that

2 : alfzblco

a+b+c=n

— Z alfibilo + Z alfibi20 4ot Z alfibi (n _ 2)() (28)
a+b=n-—1 a+b=n—2 a+b=2

_ Z alfibi + Z alfibi 4ot Z alfibi‘
a+b=n—1 a+b=n—2 a+b=2

Then we can calculate the first term of (2.8) as follows:

Z a " = ialii {(n—1)—a}’

a+b=n—1
— Z a~t Z (;) (n— l)i_j(—l)jaj
- Z (;) (n—1)"77(=1)" Y a7

(i o1 & 11—t
_ (;-)““” “”M;(‘”( m )

=0

<
I
o

% Bm(n _ 2)l+1—i+j—m

. l—i+j . .

i 1 fl+1—i47
> (=)™ B

j_(](j)l-i—l—i—i—jm_o( ) < m )

% (n _ 1)1—j(n _ 2)l+1—i+j—7n7

.

where we use the Faulhaber’s sum (see [1]) as

n P
Sow =t <>(+)B
p X J
Jj=0

k=1

with the Bernoulli numbers B;. Also we can apply the same method into the other terms of (2.8).
So (2.8) becomes
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2 : alfzbzc()

a+b+c=n
i . l—it+j . .
_ i 1 Z](—l)mH I+1—i+y B
7j=0 ‘7 ! + 1= + ‘7 m=0 m "

X

—

(TL _ 1)i—j(n _ 2)l+1—i+j—m + (TL _ 2)i—j(n _ 3)l+1—i+j—m
=27 (n = (n— 1)
i l—it+j . .
_ i maj [l +1—i+]
— -1 B
= <J>l+1z+] mZ::o( ) ( m
n—2 o
x> (n—k) I (n—k—1)FtTiimm

k=1

So (2.7) can be written as

> (fla+b)+ f(b+e)+ flc+a))

(a,b,c)eN®
a+b+c=n

1 l—itj s
(e S

=0

o (l+1—z+]> i (n— k)= kil)lelf'H»jfm.
k=1

On the other hand, the right hand side of Lemma 2.1 is

3 (n—k-1)(n—k)
k=1
3§{ k)t (n—k:)l}
k=1
_3 [{(n D =) {2 - -2 (2.10)
o {3”1 3} {2 -2

:3{7121#“ Zkl}
k=1 k=1

Equating (2.9) and (2.10), we obtain
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1=0 7=0 m=0
. . n—2
% <l+1—’t+]> B,, (n_k)i—j(n_k_ 1)l+1—i+j—m (211)
m k=1
n—1 n—1
SSwn S
k=1 k=1

For ! € NU {0}, we can write A(l,n) = Sit1(n) — Si(n).
Now, let I € N. Then, by (1.1) and B; = B;(0), the right hand side of (2.11) is

n—1 n—1

1
D KT =D K
k=1 k=1

_ Biya(n) = Biy2(0) _ Bia(n) — Bia(0) (2.12)
142 [+1
(I+1) (Biy2(n) — Biy2) — (1+2) (Bi1(n) — Biy1)
(+20+1)

so that we have

A(l,n) = (I +1) (Biy2(n) = Biya) — (1 +2) (Bi+1(n) — Bi11)
B (I+2)(1+1) '

O
Remark 2.1. We recall the Riemann zeta function and the generalized Riemann(or Hurwitz) zeta

function are given by ¢(s) = Yo7, & and {(s,q) = Y_io, ﬁ respectively. Equation (2.10) can
be written as

n-2 (2.13)

1
_ {1l+1+2l+1+3l+1+'”+(n72)l+1+(n71)l+1}
—{1l+2l+3l+---+(n—2)l+(n—1)l}

and
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oo [e]

(=1 =((=l=1m) =Y " =3 (k+ )"

n=1 k=0
_ {1z+1+21+1 +--~+(n—l)l+1—|—nl+1+(n—|—l)l+l +}
- {nH'l + 4+ )"+ 2)"T (43 - }
— 1l+1 + 2l+1 + 3l+1 N + (n _ 2)l+1 + (n _ 1)l+1.

Furthermore,

(=D =¢(=tm) = n' = > (k+n)
n=1 k=0

=142 43+t -2+ n-1"

Thus we can rewrite (2.11) as

A(l,n) = ((=ln) = (=l = 1,n) = (=) + (=1 = 1).

Example 2.5. /fl = 3 in Theorem 1.1, then we have

1
A@3,n) = on (12n* — 45n° + 50n° — 15n — 2) .

Proof of Corollary 1.2. (a) From Theorem 1.1, we obtain

SUBESRIMEED W BN
l= k=1

=0 (k=1

s ©
|
-

{( =D+ (8 = k) + (K = K)ok (B = K1)+ (6" = &)}

3 =
=

{kH—l — 1} = St+1(n) — So(’l’b).

1

>
Il

(b) By the definition of A(l,n) = Si41(n) + Si(n), we have

ZA (1,n)A(l,n) Z{Sm (n)}

=(51(n)—50( )+ (Sz(n)—Sf(
+ (82 (n) = S-1(n) + (41 (n) — SE(n)
(n) = S5(n).

2
+
K,
2
|
[9))
(NI
2
+

= St+1
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Proof of Corollary 1.3. In ([6], (2.1), Theorem 2.1) we can see that

Tin) = 3 (~1)'i,
=0
_ E0) - (-1

0)—(

Ti(n) ;

)"Ei(n) _ g, ([”ﬂ) — Sin),

for I,n € N. These facts lead us to

Tiy1(n) — Ti(n)
_ Eia(0) - (;1)nE1+1(") _ Ei(0) - (;U”El(n) @.14)
_ Ei1(0) = Ei(0) = (=1)" (Ei+1(n) — Ei(n))

2

On the other hand, T;41(n) — T;(n) can be rewritten as

Tiy1(n) — Ti(n)

) s () e

—{Si+1(n) = Si(n)}

—oltlg (17 {”;1}) oS, ({”‘2”}) — A(ln),

where we use Theorem 1.1. Equating (2.14) and (2.15), we obtain the proof.

3 Conclusions

In this paper, we study a special case summation 3°, , . cns (f(a+b) + f(b+c) + f(c+a)) and
a+b+c=n
we show this summation is related to Bernoulli and Euler polynomials.
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