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ABSTRACT 
 

The coastal zone is studied as a morphodynamic system in the present work. A morphodynamic 
system comprises a geomorphological entity that adjusts its morphology in response to variations in 
a dynamic component. In recent years, particularly from 2015 to 2016, strong swells have been 
observed and have induced the destruction of coastal infrastructure and strong coastal erosion in 
the Gulf of Guinea, particularly Benin. Following this observation, our study is carried out to 
understand the origin of these strong events. Through this work, we tried to highlight the effect of 
water depth and swell parameters on wave propagation using experimental models from the 
literature. For this reason, MATLAB and Mathematica software were used for simulations. It can be 
said from the results obtained that the wave height has a considerable effect on the wave profile. 
The variation in water depth as a function of distance from the bed shows that it significantly affects 
the wave and its components. 
 

 
Keywords: Wave simulation; water depth; swell; wave propagation; Benin coastal zone. 
 

SCIENTIFIC NOTATION TABLES 
 
𝑣        ∶ Ocean WATER FLOW VELOCITY (m/s) 

𝜌         : Density of Sea Water (kg/m3) 

𝛷       ∶ Velocity Potential in the Ocean (m2/s) 

𝜂        ∶  Vertical Elevation of the Water Level 
Relative to the Reference (m) 

𝛽     : Inclination of the Seabed Relative to the 
Horizontal (Rad) 

𝛶       : Hydrodynamic Pressure (Pa) 
𝑔        : Acceleration of Gravity (m/s2) 

𝐻      : Crest-to-trough Height of the Swell (m) 

𝐻0    : Crest-to-trough Height of the Offshore 
Swell (m) 

𝐻𝑑    : Crest-to-trough Height of the Swell at the 
Breaking Point (m) 

𝐻𝑠     :Significant crest-to-trough Swell Height (m) 

𝐻𝑚𝑎𝑥   :Maximum Crest to trough Height of the 
Swell (m) 

𝐻𝑚𝑖𝑛  :Minimum Crest-to-trough Wave Height (m) 

𝑇𝑚      : Average Swell Period (s) 

𝑇𝑝       : Peak Wave Period (s) 

𝐿 =
2𝜋 

𝑘
: Wavelength of the Swell (m) 

𝑇 =
2𝜋

𝜔
: Swell Period (s) 

𝑑        :Near Sea Surface-bottom Distance in 
Coastal Zones (m) 

𝑟       : Position Vector of a Point Located on the 
Free Surface 

𝑉𝑔      : Group Swell Velocity (m/s) 

𝑉𝜑      : Swell Phase Velocity (m/s) 

𝑉𝑥      : Horizontal Velocity of the Water Particles 
Struck by the Swell 

𝑉𝑧    :Vertical Velocity of the Water Particles 
Struck by the Swell 

𝐾𝑅     : Refraction Coefficients 

𝐾𝑆     : Shoaling Coefficients 

𝐴𝑥      :Horizontal Accelerations of Water Particles 

Struck by the Swell 
𝐴𝑧   :Vertical Acceleration of Water Particles 

Struck by the Swell 
ℒ𝑥    :Horizontal Movement of Water Particles 

Struck by the Swell 
ℒ𝑧     :Vertical Movement of Water Particles Hit 

by the Swell 
MCA : Millenium Challenge Account 
 

1. INTRODUCTION 
 
Comprehensive theoretical research on the 
propagation of waves in Benin's coastal areas 
could yield vital information for the region's 
coastal risk management and planning. [1]. The 
study of swell and wave propagation in the 
coastal zone of Benin involves understanding 
various factors that influence wave behavior, 
such as wind patterns, local water depth, coastal 
morphology, fetch, tide, ocean currents, and 
oceanographic conditions [2]. A theoretical study 
typically involves mathematical modeling and 
simulation to predict wave characteristics along 
the coast of Benin. Studying the ocean as a 
whole requires bridges linking the transversal 
skills of the different sciences in this case 
theoretical physics through modeling and 
analysis which lead to understanding and the 
search for solutions to the consequences of the 
increase in the level of the sea [1]. Mathematical 
theories, at the basis of all theoretical knowledge 
of the physical functioning of our environment, 
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which deal with waves, have developed and 
become more complex. They represent many 
phenomena linked to waves based on 
hypotheses developed from the general 
equations of fluid mechanics, and now make it 
possible to study ever more sophisticated 
problems analytically and numerically [3]. 
Overall, a theoretical study on swell and wave 
propagation in the coastal zone of Benin requires 
a multidisciplinary approach integrating 
oceanography, meteorology, hydrodynamics, 
and coastal engineering to provide valuable 
information for coastal management and 
decision-making [4]. The most spectacular 
physical manifestation occurring in the ocean is 
undoubtedly the swell. The coastline of Benin 
has suffered severe erosion for several years [5]. 
This phenomenon could be explained by a 
hydrodynamic dominated mainly by swells 
generated by the winds as well as a sandy 
coastline subject to a local microtidal type tide 
and a seasonal evolution of the intensity of the 
swells. In short, the coast of Cotonou in Benin is 
subject to two swell regimes: short swells (less 
energetic) generated by local winds and long 
swells (very energetic) generated in the South 
Atlantic which are the engine of one of the most 
significant coastal drifts in the world, from west to 
east [6]. In Cotonou, coastal transit is caused by 
the oblique attack of north-east or east-north-
east swells during different storms [5]. Under the 
action of currents, winds, or swells, the solid 
particles, that form the sediments encountered in 
rivers and along coastlines, can be torn from the 
seabed, suspended, or transported over 
distances. More or less large and deposited in 
calm areas. These interactions are extremely 
complex in nature and the sedimentary 
movements that can be observed depend on 
multiple parameters. Velocity gradients in the 
fluid, vortices, bottom geometry, bank lines, 
nature of materials, thickness on the bedrock, 
porosity, and cohesion of the deposits, 
characteristics of the fluid... Will intervene in the 
conditions of erosion and transport of the 
materials. All these parameters, in addition, will 
not be constant over time but will undergo 
fluctuations. The swell in the fluid mass will 
cause the sediments to flow in certain situations 
in a mass direction toward privileged sectors due 
to reactions from translational and compensatory 
currents, return currents, orbital movements on 
the seabed, and coastal or return currents. On 
the sea surface, the friction of the local wind 
causes the water surface to move and generate 
ripples [1,7]. This 'sea of wind' is the 
superposition of several sinusoidal waves, 

forming 'irregular' waves [2,4]. Under the effect of 
pressure gradients associated with gravity and 
induced by these variations in water height, 
these waves then propagate and are called 
gravity waves, or surface waves. These waves 
turn into swells when they propagate. The swell 
is thus the part of the sea state characterized by 
its absence of a relationship with the local wind. 
As part of this study, no distinction will be made 
between swell and waves, these two terms will 
define the sea state arriving on the shore. The 
land-sea interface is an extremely fragile 
environment. Coastlines, interfaces between land 
and sea, are places of great biological and 
landscape diversity, subject to strong pressures 
from natural elements and human beings. In the 
coastal zone, the most dynamic zones are the 
internal surf and swash zones [5]. The swash 
zone is of fundamental importance in the study of 
the coastal zone. The internal surf zone thus 
represents the border between the emerged part 
of the beach and the breaking zone. The internal 
surf zone and the swash zone thus form the very 
last zone of the beach where the waves will 
dissipate or reflect their remaining energy [1,8]. 
Throughout the world, coastlines are threatened 
by the combination of a multitude of factors, 
sometimes natural and most often 
anthropogenic. Thus, to the local disturbances 
caused to coastal areas by port infrastructures, 
dams, sediment collection from the beach, or 
even urban expansion, are added the global 
consequences of climate change, including the 
certain rise in the level of oceans and the 
probable amplification of devastating marine 
weather conditions. The direct consequence of 
global warming, the rise in ocean levels will have 
obvious consequences on coastal erosion in the 
decades to come. It is thus estimated, on a 
global scale, that sea levels could rise between 
10 and 25 cm over the last century and 28 and 
98 cm by 2100 according to estimates from the 
IPCC (Intergovernmental Panel on Climate 
Change). Climate change) presented in their ar5 
assessment report, based on different warming 
scenarios (IPCC, 2014) [1,8]. In Cotonou, since 
2011, it was recently calculated that the average 
increase in sea level was 3.2 mm year-1, which 
is close to the global values obtained over a 
similar period (IPCC, 2014) [9]. The simplest 
mathematical representation assuming the water 
waves used for the simulation is given as follows: 
two-dimensional (2-D), small amplitude, 
sinusoidal, and progressively definable by their 
amplitude and wave period in a depth of water 
given. In the simple representation of 
swells/waves, the movements and displacements 
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of swell/wave, the kinematics (i.e., velocities and 
accelerations of swell/wave), and the dynamics 
(i.e. (i.e., wave/wave pressure and resultant 
forces and moments) are determined for 
technology design evaluations. When the wave 
amplitude becomes larger, simple treatment 
cannot be scaled. For regular swell/wave, we 
consider the 2-D approximation of the ocean 
surface deviated from a pure sinusoid [8]. This 
representation requires more complicated 
mathematical theories. These theories become 
non-linear and allow the formulation of 
swells/waves that are not sinusoidal in shape; for 
example, flat troughs and sharp ridges in shallow 
water when swells/waves are relatively high. The 
simplest swell/wave theory is first order and 
small amplitude, or the airy theory which is called 

the linear theory [3]. This representation requires 
more complicated mathematical theories. 
 

2. MATERIALS AND METHODS 
 

2.1 Presentation of the Study Site  
 
The coastal zone of Benin, between 6°15 and 
6°38 north latitude, is part of the coastal 
sedimentary basin, the oldest of which dates 
back to the Cretaceous. Benin is a coastal state 
in the Gulf of Guinea (Fig. 1a). The coastline 
generally presents weak concavities oriented 
towards the ocean on this coast. There is 
increasing erosion towards the east. The climate 
is subequatorial with two dry seasons and two 
rainy seasons [4,8,10]. 

 

  
 

Fig. 1a. Geographical location of the 
coastal zone of Benin in the Gulf of Guinea 

 
Fig. 1b. Bathymetric map of the Benin 

coastal zone 
 

 
 

Fig. 1c. Image of Benin’s coastal strip 
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In the coastal zone of Benin, there is no major 
obstacle that could significantly modify the 
direction of wave propagation (𝜃 ≈ 𝜃𝑜) [8]. The 
average slope in the shaoling zone on this site is 

𝑝 = 𝑡𝑎𝑛𝛽 ≈
90

2000
= 0,045  [2] (Fig. 1b). In Benin, 

the swells which propagate towards the coast 
have a period T which varies between 10 𝑠 and 

14 𝑠  and whose peak period is 𝑇𝑝 = 11.50 𝑠 . 

Experimental measurements have shown that 
these waves break at the point of local depth 𝑑𝑏 

such that 4 𝑚 ≤ 𝑑𝑏 ≤ 5 𝑚  and that their period 

oscillates between 9 𝑠  and 15 𝑠  [11]. Their 
heights vary almost sinusoidally and have two 
maxima and two minima on the same day. These 
heights vary between 0.6 𝑚  and 1.4 𝑚 . The 

maxima are observed around 5 𝑎.𝑚  and 5 𝑝.𝑚 
GMT and the minima around 00 𝑎.𝑚  and 

12 𝑝.𝑚 [12]. From data measurements relating to 
swell carried out at the autonomous port of 
Cotonou, at time intervals of five minutes over 
four consecutive years (June 2015 to                              
April 2016) and obtained from the Institute of 
Fisheries and Oceanographic Research of Benin 
(IRHOB) of the Beninese Center for Scientific 
and Technical Research (CBRST), we have: 

 
➢ Performs analysis of wave statistics on 

the coast of Benin. 
➢ Simulated the temporal evolution of 

wave parameters such as the significant 
height 𝐻𝑠 (𝑚) , the period of the peak 

𝑇𝑝 (𝑠)  and the direction of the peak 
𝐷𝑖𝑟 (°). 

➢ Shown the evolution of the vertical 
elevation η of the sea surface as a 
function of local water depth and 
compare swell profiles as a function of 
time in the different areas. For the study 
of swell propagation on this site, the 
abscissa axis is oriented in the East-
West direction and the ordinate axis in 
the North-South direction as shown in 
Fig. 2: 

 

The coastal strip of Benin is oriented in the 
South-West-West direction and thus tilts at an 
angle 𝜃𝑜 = 20°  approximately about the West-
East direction [4]. 
 

2.2 Equations to Solve the Problem  
 

• The movement of fluids (air and ocean) 
obeys the following Navier-Sokes equation 
[7]. 

 
𝜕𝑣𝑖⃗⃗⃗⃗

𝜕𝑡
+ (𝑣𝑖.⃗⃗⃗⃗⃗ ∇⃗⃗⃗)𝑣𝑖⃗⃗⃗ ⃗ +

1

𝜌𝑖
(∇⃗⃗⃗Pi) − �⃗� −

𝜇

𝜌𝑖
(∇2𝑣𝑖⃗⃗⃗ ⃗) = 0   with i = 1,2      (1) 

 
Irrotational and incompressible coastal flow can 
be modeled using Euler's equations in 3 
dimensions. The strong non-linear nature of 
these equations prevents us from directly 
applying a numerical solution method. We must 
therefore simplify them before applying a 
numerical scheme. The viscosity in these two 
media being very negligible [13] and for surface 
waves, the convective term is negligible (𝜇 ≪ 𝜌𝑖) 

compared to the acceleration (𝑣𝑖.⃗⃗⃗⃗⃗ ∇⃗⃗⃗)𝑣𝑖⃗⃗⃗ ⃗ ≪
𝜕𝑣𝑖⃗⃗⃗⃗

𝜕𝑡
   [1]. 

 

 
 

Fig. 2. Schematization of the study benchmark and direction of wave propagation in 
the Benin coastal zone 
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The oceanic environment is an incompressible 

fluid (𝑑𝑖𝑣(�⃗�) = 0), the flow is potential (�⃗� = �⃗⃗�𝜙) 
and for a perfect fluid, we show that an 
irrotational disturbance remains so indefinitely. 
We can apply this theorem to the movement of 
waves whose flow will be assumed to be zero 

rotational (irrotational) 𝑟𝑜𝑡⃗⃗⃗⃗⃗⃗⃗(�⃗�) = 0⃗⃗  [1] where �⃗�  is 
the speed of a water particle driven by the flow 
and 𝜙2  = 𝜙 the scalar potential of the velocities 
in the ocean and 𝜙1  that of the atmosphere. 
Thus, we obtain the Laplace equation below [14] 
∆ϕ = 0.  The solution of equation (1) allows us to 
find the dynamic pressure 𝑌 [15]. 
 

Y =  −ρ (
𝜕𝜙

𝜕𝑡
)           (2) 

 

• The area in which the effect of the Airy or 
Stokes swell (swell of very small amplitude 
compared to their wavelength) is felt is such 
[15,16].  
 

{
−∞ ≤ 𝑥 ≤ +∞
−∞ ≤ 𝑦 ≤ +∞
−𝑑 ≤ 𝑧 ≤ 0

                       (3) 

 

• A water particle at a point on the free surface 

has a vertical speed 𝑣𝑧 =
𝜕𝜂

𝜕𝑡
 along the 

vertical axis. The kinematic condition in z = η 
gives [7]. 

 

(
𝝏𝝓

𝝏𝒛
)
(𝒛=𝜼)

= (
𝝏𝝓𝒊

𝝏𝒛
)
(𝒛=𝜼)

=
𝝏𝜼

𝝏𝒕
                      (4) 

 

• The swell being a surface wave, its effect 
disappears after a certain depth (𝑧 =  − 𝑑). 
The condition of non-penetration to the 
bottom amounts to [2,8].   
 

𝒗𝒛(𝒛 = −𝒅) = 𝟎 ⇒ (
𝝏𝝓

𝝏𝒛
)
(𝒛=−𝒅)

= 𝟎          (5) 

 

• The dynamic condition at z = η due to the 
existence of pressure and gravity forces at 
altitude 𝑧 is written [15,16]. 

 

[𝒈𝜼 +
𝝏𝝓

𝝏𝒕
]
𝒛=𝟎

= 𝟎 ⇒ [
𝝏𝟐𝝓

𝝏𝒕²
+ 𝒈

𝝏𝝓

𝝏𝒛
]
𝒛=𝟎

= 𝟎      (6) 

 

• The direction of wave propagation is almost 
rectilinear. It is assimilated to the axis (O,𝑖) 
and the average vertical elevation of the free 
surface is zero over a period. 
 

∫ 𝜼(�⃗⃗�, 𝒕)
𝒕+𝑻

𝒕
𝒅𝒕 = ∫ 𝜼(�⃗⃗�, 𝒕)

𝒙+𝑳

𝒙
𝒅𝒙 = 𝟎          (7) 

 

• Any swell of wavelength propagates through 
three particular zones [16,17]. Offshore 

(deep water) when 𝑑 >
𝐿

2
 ; the lifting zone 

(Shoaling zone) if 
𝐿

25
≤ 𝑑 ≤

𝐿

2
 ; the breaking 

zone or shallow waters (Surf and Swash 

zones) for 0 ≤ 𝑑 ≤
𝐿

25
 

• On the Beninese coast, the average slope in 
the Shaoling zone [2,12] is : 

 

𝑝 = tan(𝛽) =
90

2000
= 0,045                      (8) 

 
According to the bathymetric map along the 
Beninese maritime coast (Fig. 2) shows us that 
there is very little variation in the wavelength of 
the swells, either: 
 

𝑳 =
𝟐𝝅

𝒌
=

𝒈𝑻𝟐

𝟐𝝅
                        (9) 

 

2.3 Expression of 𝝓(�⃗⃗�, 𝒕), 𝜼(�⃗⃗� ,t) and the 
Group Velocity Vg 

 
Solving equation (1) with conditions (3), (4), (5) 
and (6) gives complex results of which only the 
real parts below reflect the physical phenomenon 
[18,19]. 
 

{
  
 

  
 𝝓𝟏 = 𝝓𝟏(𝒙,𝒚, 𝒛, 𝒕) =

𝒈𝑯

𝟐𝒘
𝒆𝒌𝒛 𝒔𝒊𝒏(�⃗⃗⃗�. �⃗⃗� − 𝝎𝒕)                    

𝝓𝟏 = 𝝓𝟏(𝒙, 𝒚, 𝒛, 𝒕) =
𝒈𝑯𝒄𝒐𝒔𝒉[𝒌(𝒛+𝒅)]

𝟐𝐰𝐜𝐨𝐬𝐡(𝒌𝒅)
𝒔𝒊𝒏(�⃗⃗⃗�. �⃗⃗� − 𝝎𝒕)          

𝜼 = 𝜼(𝒙, 𝒚, 𝒕) = 𝜼𝟎 𝐜𝐨𝐬(�⃗⃗⃗�. �⃗⃗� − 𝝎𝒕) =
𝑯

𝟐
𝐜𝐨𝐬(�⃗⃗⃗�. �⃗⃗� − 𝝎𝒕)

𝐘 =  −𝛒
𝝏𝝓

𝝏𝒕
=

𝝆𝒈𝑯𝒄𝒐𝒔𝒉[𝒌(𝒛+𝒅)]

𝟐 𝐜𝐨𝐬𝐡(𝒌𝒅)
𝒄𝒐𝒔(�⃗⃗⃗�. �⃗⃗� − 𝝎𝒕)                     

  (10) 

 

The fluid velocity in the x direction is:  Vx =
𝜕𝜙

𝜕𝑥
 

and the fluid velocity in the z direction is: Vz =
𝜕𝜙

𝜕𝑧
. 

The positions; velocities and accelerations of 
local fluids are:  
 

�⃗⃗⃗� {
𝐕𝐱 =

𝐠𝐇𝐓

𝟐𝐋
 
𝒄𝒐𝒔𝒉[𝟐𝝅(𝒛+𝒅) 𝑳⁄ ]

𝐜𝐨𝐬𝐡(𝟐𝝅𝒅 𝑳⁄ )
𝐜𝐨𝐬(𝜽)

𝐕𝐳 =
𝐠𝐇𝐓

𝟐𝐋
 
𝒔𝒊𝒏𝒉[𝟐𝝅(𝒛+𝒅) 𝑳⁄ ]

𝐜𝐨𝐬𝐡(𝟐𝝅𝒅 𝑳⁄ )
𝐬𝐢𝐧(𝜽)

with𝜽 =
𝟐𝝅𝒙

𝑳
−
𝟐𝝅𝒕

𝑻
 (11) 

 
The integration of this equation (11) gives the 
equations that parameterize the position of a 
water particle struck by the swell. 
 

𝑶𝑴⃗⃗⃗⃗⃗⃗ ⃗⃗ {
𝐗 =

𝐇

𝟐
 
𝒄𝒐𝒔𝒉[𝟐𝝅(𝒛+𝒅) 𝑳⁄ ]

𝐜𝐨𝐬𝐡(𝟐𝝅𝒅 𝑳⁄ )
𝐬𝐢𝐧(𝜽)

𝐙 =
𝐇

𝟐
 
𝒔𝒊𝒏𝒉[𝟐𝝅(𝒛+𝒅) 𝑳⁄ ]

𝐜𝐨𝐬𝐡(𝟐𝝅𝒅 𝑳⁄ )
𝐜𝐨𝐬(𝜽)

witℎ𝜽 =
𝟐𝝅𝒙

𝑳
−
𝟐𝝅𝒕

𝑻
 (12) 

 
These equations express water particles' velocity 
and position components at any distance (𝑧 + 𝑑) 
above the bottom. They are periodic in 𝑥 and 𝑡. 
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For a given value of the phase angle  𝜃 =

2𝜋 (
𝑥

𝐿
−

𝑡

𝑇
) . The trajectory of the particles is 

therefore circular in infinite depth (offshore) and 
elliptical in shape that becomes more and more 
crushed as the bottom rises. The equations of 
system (11) generally parameterize the ellipses 
with major horizontal axis DD' and minor vertical 
axis d' verifying the equation: 
 

(
𝑿

𝑫𝑫′
)
𝟐
+ (

𝒁

𝒅′
)
𝟐
= 𝟏  with  {

𝐃𝐃′ =
𝐇

𝟐
 
𝒄𝒐𝒔𝒉[𝟐𝝅(𝒛+𝒅) 𝑳⁄ ]

𝐜𝐨𝐬𝐡(𝟐𝝅𝒅 𝑳⁄ )

𝐝′ =
𝐇

𝟐
 
𝒔𝒊𝒉𝒏[𝟐𝝅(𝒛+𝒅) 𝑳⁄ ]

𝐜𝐨𝐬𝐡(𝟐𝝅𝒅 𝑳⁄ )

  (13) 

 

This model established in 1804 by Gerstner is a 

rigorous solution for a fluid at infinite depth (Fig. 

3a). Each fluid particle is supposed to rotate 

around a point with coordinates 𝑋0 , 𝑍0 , 

describing a circumference of radius R, 

decreasing exponentially with depth 𝑑. 

 

The derivation of this equation (11) gives               

the equations that parameterize the                       

accelerations of the particles of the fluid struck by 

the swell. The accelerations of the fluid particles 

are: 

 

{
𝐀𝐱 =

𝐠𝛑𝐇

𝐋
 
𝒄𝒐𝒔𝒉[𝟐𝝅(𝒛+𝒅) 𝑳⁄ ]

𝐜𝐨𝐬𝐡(𝟐𝝅𝒅 𝑳⁄ )
𝐬𝐢𝐧(𝜽)      

𝐀𝐳 = −
𝐠𝛑𝐇

𝐋
 
𝒔𝒊𝒏𝒉[𝟐𝝅(𝒛+𝒅) 𝑳⁄ ]

𝐜𝐨𝐬𝐡(𝟐𝝅𝒅 𝑳⁄ )
𝐜𝐨𝐬 (𝜽)

with 𝜽 =
𝟐𝝅𝒙

𝑳
−

𝟐𝝅𝒕

𝑻
 (14) 

 

And the movement of water particles is given by: 

 

{
𝓛𝐱 = −

𝐇𝐠𝐓𝟐

𝟒𝛑𝐋
 
𝒄𝒐𝒔𝒉[𝟐𝝅(𝒛+𝒅) 𝑳⁄ ]

𝐜𝐨𝐬𝐡(𝟐𝝅𝒅 𝑳⁄ )
𝐬𝐢𝐧(𝜽)

𝓛𝐳 =
𝐇𝐠𝐓𝟐

𝟒𝛑𝐋
 
𝒔𝒊𝒏𝒉[𝟐𝝅(𝒛+𝒅) 𝑳⁄ ]

𝐜𝐨𝐬𝐡(𝟐𝝅𝒅 𝑳⁄ )
𝐜𝐨𝐬 (𝜽)

 with  𝜽 =
𝟐𝝅𝒙

𝑳
−

𝟐𝝅𝒕

𝑻
       (15) 

 

The secondary external pressure under a wave 

is the sum of two pressure components, dynamic 

and static, and is given by: 

 

𝐘′ =
𝝆𝒈𝑯

𝟐

𝒄𝒐𝒔𝒉[𝟐𝝅(𝒛+𝒅) 𝑳⁄ ]

𝐜𝐨𝐬𝐡(𝟐𝝅𝒅 𝑳⁄ )
𝐜𝐨𝐬(𝜽) − 𝝆𝒈𝒛 + 𝒑𝟎with 𝜽 =

𝟐𝝅𝒙

𝑳
−

𝟐𝝅𝒕

𝑻
   

(16) 

 

The equation for the water surface is given by: 

 

𝜼 = 𝜼𝟏 + 𝜼𝟐 =
𝑯

𝟐
𝐜𝐨𝐬 (

𝟐𝝅𝒙

𝑳𝟏
−
𝟐𝝅𝒕

𝑻𝟏
) +

𝑯

𝟐
𝐜𝐨𝐬 (

𝟐𝝅𝒙

𝑳𝟐
−
𝟐𝝅𝒕

𝑻𝟐
)(17) 

And 

 

𝜼𝒆𝒏𝒗𝒆𝒍𝒐𝒑𝒑𝒆 = ±𝑯𝒄𝒐𝒔 [𝝅 (
𝑳𝟐−𝑳𝟏

𝑳𝟏𝑳𝟐
) 𝒙 − 𝝅(

𝑻𝟐−𝑻𝟏

𝑻𝟏𝑻𝟐
) 𝒕](18) 

 

The swell dispersion relation according to the 

linear theory [22,23] is : 

 

𝝎𝟐 =  𝒈𝒌. 𝒕𝒂𝒏𝒉(𝒌𝒅)         (19)  

 

The phase (celerity) and group velocities of a 

swell are respectively [17,24]. 
 

{
𝑉𝜑 = 

𝜔

𝑘
= √

𝑔

𝑘
tanh (𝑘𝑑)          

𝑉𝑔 =
𝜕𝜔

𝜕𝑘
= 

1

2

𝜔

𝑘
(1 +

2𝑘𝑑

sinh(2𝑘𝑑)
)

             (20) 

 

 

 

 
 

Fig. 3a. Trajectory of water particles in 
the Gerstner swell [20,21] 

 
Fig. 3b. Trajectory of water particles in 

the Stokes swell [21] 
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Table 1. Waves classification 
 

Classification  𝝁 = 𝒅/𝑳𝟎 𝒌𝒅 𝐭𝐚𝐧𝐡(𝒌𝒅) 
Deep Waters 𝟏/𝟐 to +∞ 𝝅 to +∞ = 𝟏 
Shoaling zone 𝟏/𝟐𝟓 to 𝟏/𝟐 𝝅/𝟏𝟎 to 𝝅 𝐭𝐚𝐧𝐡(𝒌𝒅) 
Shallow waters 𝟎 to 𝟏/𝟐𝟓 𝟎 to 𝝅/𝟏𝟎 = 𝒌𝒅 

 

Note that an argument of the hyperbolic tangent 𝑘𝑑 =  2𝜋𝑑/𝐿0 is large, the t𝑎𝑛ℎ (𝑘𝑑) approaches 1, 

and for small values of 𝑘𝑑, 𝑡𝑎𝑛ℎ (𝑘𝑑)  ⋍ 𝑘𝑑. Water waves are classified in Table 1 based on the 
relative depth criterion 𝑑/𝐿0. 
 

➢ In deep waters, 𝑉𝑔0 =
1

2
𝑉𝜑 =

𝑔𝑇

4𝜋
   gold   𝐿0 = 

𝑔𝑇2

2𝜋
  [25] ; 

➢ In the Shoaling zone, 𝑉𝑔 = 
1

2
(1 +

2𝑘𝑑

sinh(2𝑘𝑑)
)√

𝑔

𝑘
tanh(𝑘𝑑) ; 

➢ In the shallow waters, 𝑉𝑔 = 𝑉𝜑 = √𝑔𝑑  [26] ; 

 
In the end, we have: 
 

𝑽𝒈(𝒅) =

{
 
 

 
 
𝒈𝑻

𝟒𝝅
                                                                  if  

𝒅

𝑳𝟎
>

𝟏

𝟐
              

𝟏

𝟐
(𝟏 +

𝟐𝒌𝒅

𝐬𝐢𝐧𝐡(𝟐𝒌𝒅)
)√

𝒈

𝒌
𝐭𝐚𝐧𝐡(𝒌𝒅)             if   

𝟏

𝟐𝟓
≤

𝒅

𝑳𝟎
≤

𝟎

𝟐
      

√𝒈𝒅                                                        if    0 ≤
𝒅

𝑳𝟎
≤

𝟏

𝟐𝟓

              (21) 

 
Gold by posing 𝑘 = 2𝜋/𝐿0  
 

𝑽𝒈(𝒅) =

{
 
 

 
 

𝒈𝑻

𝟒𝝅
                                                                                           𝑖𝑓   

𝒅

𝑳𝟎
>

𝟏

𝟐
              

𝟏

𝟐
(𝟏 +

𝟒𝝅𝒅 𝑳𝟎⁄

𝐬𝐢𝐧𝐡(𝟒𝝅𝒅 𝑳𝟎⁄ )
)√

𝒈𝑳𝟎

𝟐𝝅
𝐭𝐚𝐧𝐡(𝟐𝝅𝒅 𝑳𝟎⁄ )                       𝑖𝑓   

𝟏

𝟐𝟓
≤

𝒅

𝑳𝟎
≤

𝟏

𝟐
      

√𝒈𝒅                                                                                       𝑖𝑓    0 ≤
𝒅

𝑳𝟎
≤

𝟏

𝟐𝟓

                                               (22) 

 

2.4 Swell Height 
 
In deep water, the swell height is constant and is 𝐻 = 𝐻𝑂 = 𝑐𝑠𝑡𝑒 . 
In the Shoaling zone [7,8], 𝐻 = 𝐾𝑆𝐾𝑅𝐻𝑂  Where  
 

𝑲𝑺 = √
𝑽𝒈𝒐

𝑽𝒈
= (

𝟐𝝅𝒅 𝑳𝟎⁄

𝒄𝒐𝒔𝒉𝟐(𝟐𝝅𝒅 𝑳𝟎⁄ )
+ 𝐭𝐚𝐧𝐡(𝟐𝝅𝒅 𝑳𝟎⁄ ))

−
𝟏

𝟐
  and  𝑲𝑹 = √

𝒄𝒐𝒔𝜽𝟎

𝒄𝒐𝒔𝜽
      (23) 

 
Are respectively the Shoaling and refraction coefficients, 𝜃o and 𝜃 the directions of propagation of the 
wave before and after refraction. So we get, [12] : 
 

𝑯 = 𝑯𝒐√
𝒄𝒐𝒔𝜽𝟎

𝒄𝒐𝒔𝜽
(

𝟐𝝅𝒅 𝑳𝟎⁄

𝒄𝒐𝒔𝒉𝟐(𝟐𝝅𝒅 𝑳𝟎⁄ )
+ 𝐭𝐚𝐧𝐡(𝟐𝝅𝒅 𝑳𝟎⁄ ))

−
𝟏

𝟐
         (24) 

 
The height of the swell decreases in the breaking zone [5,21] and According to P. Bonneton (2002), 
this height is given by: 
 
In the end, we have:  
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𝑯(𝒅) =

{
  
 

  
 𝑯𝒐                                                                                                                   if  

𝒅

𝑳𝟎
>

𝟏

𝟐
 

𝑯𝒐√
𝒄𝒐𝒔𝜽𝟎

𝒄𝒐𝒔𝜽
(

𝟐𝝅𝒅 𝑳𝟎⁄

𝒄𝒐𝒔𝒉𝟐(𝟐𝝅𝒅 𝑳𝟎⁄ )
+ 𝐭𝐚𝐧𝐡(𝟐𝝅𝒅 𝑳𝟎⁄ ))

−
𝟏

𝟐
                               if   

𝒅𝒃

𝑳𝟎
≤

𝒅

𝑳𝟎
≤

𝟏

𝟐

𝑯𝒐 [
𝟐𝑯𝒐

𝑻𝒕𝒂𝒏𝜷√𝒈𝒅𝒃
(
𝒅

𝒅𝒃
)
−𝟏

𝟐⁄

+ (𝟏 −
𝟐𝑯𝒐

𝑻𝒕𝒂𝒏𝜷√𝒈𝒅𝒃
) (

𝒅

𝒅𝒃
)
𝟏
𝟒⁄

]

−𝟏

                       if  0 ≤ 𝒅 ≤ 𝒅𝒃

               (25)  

 

3. RESULTS AND DISCUSSION 
 

3.1 Results  
 
➢ The curves in Fig. 4 reveal the temporal 

distribution of the hydrodynamic parameters 
of the port of Cotonou from 2015 to 2016. 
The data observed every hour of the 

parameters characterizing the state of the 
waves (significant height, peak direction, and 
peak period) at both anchorages from 
December 2015 to August 2016 are 
presented in Fig. 4.  

➢ The following Fig. 5 shows us the 
comparison of wave profiles and physical 
quantities as a function of time. 

 

 
 
Fig. 4. Temporal evolution of the hydrodynamic parameters of the port of Cotonou: 
significant wave height (Hs) (I), peak period (Tp) (II), and direction (Dir) (III) between 

2015 and 2016 
 

  
 
Fig. 5a. Variation of horizontal position 

X 

 
Fig. 5b. Variation of vertical position Z 
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Fig. 5c. Variation of the horizontal 
velocity of water particles 

 

 
Fig. 5d. Variation of the vertical velocity of 

water particles 

  
 

Fig. 5e. Variation of horizontal 
acceleration of water particles 

 
Fig. 5f. Variation of vertical acceleration of 

water particles 
 

  
 

Fig. 5g. Variation in horizontal 
displacement of water particles to 

d=cst 
 

 
Fig. 5h. Variation in horizontal 

displacement of water particles to T=cst 

  
 

Fig. 5i. Variation of vertical 
displacement of water particles 

 
Fig. 5j. Variation of dynamic pressure 
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Fig. 6. Vertical elevation of the sea surface in deep water 𝛈𝟎(𝒅 𝑳𝟎⁄ )  and in the shoaling 

zone 𝛈𝐚(𝒅 𝑳𝟎⁄ , 𝛃) 𝐢𝐧 𝐝𝐢𝐦𝐞𝐧𝐬𝐢𝐨𝐧 𝐭𝐰𝐨 𝐨𝐟 𝐭𝐡𝐞 𝐥𝐨𝐜𝐚𝐥 𝐰𝐚𝐭𝐞𝐫 𝐝𝐞𝐩𝐭𝐡 𝒅 𝑳𝟎⁄  
 

 
 

Fig. 6a. Vertical elevation 𝛈𝐚(𝒅 𝑳𝟎⁄ , 𝛃) of the sea surface in the shoaling zone in 3D as a 
function of the local water depth 𝒅 𝑳𝟎⁄  and the seabed slope 𝛃 

 

 
 

Fig. 6b. Vertical elevation of the marine surface offshore 𝛈𝐨(𝒅 𝑳𝟎⁄ ) and in the shoaling zone 

𝛈𝐚(𝒅 𝑳𝟎⁄ , 𝛃 = 𝟎, 𝟎𝟓) in 3D of the local water depth 𝒅 𝑳𝟎⁄  
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➢ Figs. 6, 6a, and 6b, show the evolution of the 
vertical elevation of the sea surface as a 
function of the local water depth 𝜇  and the 
slope of the seabed 𝛽. The curve in Fig. 6 is 
a representation in dimension 2 (2D) 
whereas those of Figs. 6a and 6b are its 
representations in dimension 3 (3D). 

 

3.2 Discussion  
 
➢ It is important to note that the amplitude of 

the speed decreases exponentially with a 
coefficient proportional to the wave number 
𝑘. Therefore, the orbital speed of waves with 
a larger period (smaller number of waves) 
will be more present at the bottom than that 
of waves with short periods (Figs. 3a and 
3b). The waves induce an orbital                  
movement in the water and the amplitude of 
this movement decreases with depth (Figs. 
3a and 3b). In shallow water, the elliptical 
paths followed by water particles flatten to 
horizontal lines, particularly at the                  
bottom, where there is no vertical flow. The 
trajectory of the particles is therefore circular 
in infinite depth (offshore) and elliptical 
becomes more and more crushed as the 
bottom rises. 

➢ Fig. 4.I indicate a strong temporal variability 
of Hs  extending from typical wind force 

values (minimum 0.71 𝑚) to fairly energetic 

swells (maximum 3.22 𝑚 ) during the years 
2015 and 2016, some sequences 
exceptionally energetic with significant height 
values between 3.05 and 3.22𝑚. This mixture 
of ocean regime and sea wind is 
corroborated by the maximum swell periods 
observed, varying between 5.50 and 15.66 s 
(Fig. 4.II). The observed wave peak periods 
vary between 4.38 and 17.85s with an 
average of 11.7𝑠. The maximum direction of 
all waves varies very little (standard 
deviation of 2.38°) with an average direction 
of 211.5° clockwise from the north (dominant 
waves from the SSW sector) except on rare 
occasions ( 266  and 235°  respectively in 
2015 and 2016, (Fig. 4.III, we see a different 
grid (3,15° >  1,7°). The average height of all 
waves over the period (2015-2016). is 1.29 
m and 9.30 m for the peak period. The 
analysis of the different curves (Fig. 4) of the 
wave parameters makes it possible to 
identify two phases: the first going from June 
to July characterized by waves. of fairly 
strong energy (𝐻𝑠𝑚𝑜𝑦  >  1,32𝑚 and 𝑇𝑝𝑚𝑜𝑦  >

11𝑠). The second phase goes from July to 
August, it is characterized by slightly less 

energetic waves (𝐻𝑠𝑚𝑜𝑦 < 1,1𝑚  and 3,4𝑠 <

𝑇𝑝 < 16𝑠). The wave periods during the first 

phase are as high as the significant heights. 
In contrast, in the second phase, the wave 
height decreased with the increase in wind 
speed [2]. The waves are therefore 
characterized by energy spectra, which 
reveal characteristic quantities, with for 
example a significant height 𝐻𝑠, a significant 
period 𝑇𝑠, etc…. These spectra are broad for 
wind waves, and narrower for an already 
formed swell which continues to                       
propagate far from its zone of generation by 
the wind.  

➢ In Figs. 5a, 5b, it is noted that the calculated 
results for the depth water wave profile for 
linear waves are quite similar to nonlinear 
waves, thus the comparisons indicate that 
the currently obtained solutions deviate from 
the existing results of Cruz et al for regular 
linear waves, so some anomaly is expected 
between the present results and Cruz's 
solutions formulated for nonlinear waves. 
Water particle velocities under linear waves 
are greatest at the surface and decrease in 
magnitude with depth (Figs. 5c and 5d). The 
speed of wave propagation depends on their 
wavelength, their amplitude, and as they 
approach the coastline, the water depth 
(Figs. 5c and 5d). The phenomenon of wave 
propagation is therefore dispersive. 
Furthermore, the waves do not all propagate 
in the same direction, resulting in a 
sometimes chaotic appearance of the sea 
surface state. The directions of particle 
speeds are linked to the movement of the 
water surface. At the crest of the wave, the 
movement of the water is horizontal and in 
the direction of the wave. At the trough, the 
speed is reversed (by the same magnitude 
as at the peak in linear theory). Vertical 
velocities reach their maximum when water 
crossings occur. We notice that the velocities 
of the water particles increase (Figs. 5c and 
5d) and the accelerations of the water 
particles decrease (Figs. 5e and 5f) from 
deep water to shallow water, this gives us a 
good agreement between these results and 
previous results for deep-water and shallow-
water wave measurements. It can be said 
from the results obtained that the wave 
height has a considerable effect on the wave 
profile. Then, the crest has moved, the 
pressure is maximum at its summit and 
decreases going down in the direction of 
propagation (Fig. 5j). The pressure 
decreases, so the speed increases. On the 
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other hand, in the left part of the direction of 
propagation, the pressure increases from left 
to right (up to the trough), the pressure force 
acting under the wave crest is greater             
than the pressure force under the wave 
trough leading to a net effort over a wave 
period (Fig. 5j). Figs. 5a, 5b, 5c, 5d, 5e, 5f, 
5g, 5h, show a good agreement between the 
speeds and accelerations of the current 
model, there is only a difference in the 
values. 

➢ The analysis of the results, after several 
years of monitoring the morphodynamics of 
the Beninese beach, made it possible to 
highlight the link between the sea surface 
and the seabed. However, these results 
should be moderated due to the particularly 
favorable weather conditions (absence of 
erosive storms) observed since 2011. In the 
breaking zone where 𝑑 = 3𝑚 , this potential 
also varies with a non-negligible average. 
The shoaling zone is therefore a zone of 
strong amplification of the energy power of 
the swell, while those of Surf and Swash are 
the zones of energy dissipation. These 
results show that the swells in Benin are 
more energetic in the shoaling zone. The 
curves of Figs. 6, 6a, and 6b, translate the 
variations of the vertical elevation of the free 
surface of the ocean according to the local 
water depth. Note that the curve of Fig. 6 
represents dimension 2 (2D) while those of 
Figs. 6a and 6b are its representations in 
dimension 3 (3D). They confirm: 
 

- The constancy of the various offshore 
parameters. 

-  
- Height amplification crest to the trough of 

the swells in the shoaling zone under the 
disturbing effect of the seabed.  
 

The slope of this seabed causes the decrease or 
contraction of the wavelength. The curve of Fig. 
6b, which represents the variations of the vertical 
elevation of the free surface of the ocean 
according to the local water depth 𝑑 = 𝜇𝐿𝑜  and 

the slope of the seabed 𝛽 in the shoaling zone, 
reveals that the randomness accompanied by 
small oscillations on the surface of the swell is 
due to the variability of the slope of the                    
seabed. 
 

4. CONCLUSION 
 
In the Gulf of Guinea at Cotonou, the swells are 
regular and have a constant average height 𝐻𝑜 =

0,8𝑚  and an average period 𝑇 = 11𝑠  in deep 
waters. In the coastal zone, the disturbing                  
effect of the seabed causes them to rise to the 
breaking point and it is the modified Boussinesq 
theory, proposed by Peregrine in 1967, makes it 
possible to model them. These swells become 
very energetic in this zone, their height is 

amplified and remains proportional to (𝑑−1/4). At 
the breaking point, the maximum height these 
swells reach varies between   1,7𝑚 and   2,5𝑚 . 
Their bathymetric surge, occurs at a                    
position where the local water depth 𝑑𝑏 oscillates 

between 1.6𝑚  and 4.5𝑚  very close to the 
coastline depending on the value of the                     
slope of the seabed. This Breaking is a sudden 
energy discharge that induces and accentuates 
the phenomenon of coastal erosion. The waves 
are therefore characterized by energy spectra, 
which reveal characteristic quantities, with for 
example a significant height 𝐻𝑠 , a significant 

period 𝑇𝑠 , etc…. These spectra are broad for 
wind waves, and arrower for an already-formed 
swell which continues to propagate far from its 
zone of generation by the wind. Swells induce an 
orbital motion in the water and the amplitude of 
this motion decreases with depth. It is                
important to note that the amplitude of the 
velocity decreases exponentially with a 
coefficient proportional to the number of waves 
𝑘. So, the orbital velocity of swells with a longer 
period (smaller wave number) will be more 
present at sea floor than that of waves with 
shorter periods. The propagation velocity of the 
swells depends on their wavelength, their 
amplitude and when approaching the coast, the 
water depth. The swells are therefore 
characterized by energy spectra, which show 
characteristic quantities, with for example a 
significant height 𝐻𝑠 ,a significant period  𝑇𝑠 , etc 
Water particles also describe vertical circles 
which become progressively smaller with 
increasing depth, the decrease being 
exponential. The reason for describing simple 
waves is that they represent the basic solutions 
of the physical equations that govern waves on 
the sea surface and they are the building              
blocks for real wave fields occurring at sea. 
Actually, the idea of basic sinusoidal waves is 
widely applied to help in the comprehension and 
characterization of waves. Despite this             
simplified description, definitions and formulas 
derived from waves are intensively employed in 
practice and have proven their value. It can be 
said from the results obtained that the wave 
height has a considerable effect on the wave 
profile. It has a major impact on the wave and its 
constituent parts, as seen by the fluctuation in 
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water depth as a function of distance from the 
bed. From the present work we can say that the 
combination of the effects of height and depth 
together contribute to the understanding of the 
behavior of the wave and its velocities and 
accelerations of the water particles. Therefore, 
the orbital speed of waves with a larger period 
(smaller number of waves) will be more present 
at the bottom than that of waves with short 
periods. The speed of wave propagation 
depends on their wavelength, their amplitude, 
and as they approach the coast, the water depth. 
The phenomenon of wave propagation is 
therefore dispersive. Furthermore, the                   
waves do not all propagate in the same direction, 
resulting in a sometimes chaotic appearance of 
the sea surface. The variation in the depth of the 
water as a function of the distance from                           
the bed shows that 'it has a very significant effect 
on the wave and its components Wave 
propagation is a phenomenon that is very 
sensitive to a large number of parameters, in 
particular , the speed of the waves after       

breaking 𝑣𝑔, their period 𝑇, l their wavelength in 

deep waters 𝐿0 , the slope of the seabed                       
𝛽, the crest to trough height of the swell 𝐻, the 

obliquity of the swell 𝛼, the local water depth 𝑑 . .  
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