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Abstract

In this paper, we give a fixed point theorem for Presic type contractive mapping in G-metric
space. We also present an example to validate our result.
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1 Introduction and Preliminaries

The common fixed point theory is very important and useful in Mathematics. It can be applied
in various areas, for instant, variational inequalities, optimization, and approximation theory. The
Banach contraction principle [1], is the simplest and one of the most versatile elementary results in
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fixed point theory. Recently Berinde introduced some new mappings that he called weak contraction
mapping and almost contraction in a metric spaces [2-7]. He showed that Banach’s, Kannan’s [8],
Chatterjea’s [9] and Zamfirescu [10] mappings are almost contractions. In 2006, Mustafa and
Sims [11] introduced a new structure called G-metric space as a generalization of the usual metric
spaces. Afterwards based on the notion of a G-metric space, many fixed point results for different
contractive conditions have been presented, for more details see [12-16].

Now, we mention briefly some fundamental definitions.

Definition 1.1. [11] Let X be a nonempty set, and let G : X x X x X — R™ be function satisfying
the following properties:

(G1) G(z,y,2)=0ifz=y =z

G2) 0< G(z,z,y); for all x,y € X, with = # y;

G3) G

G4) G(z,y,2) = G(z,z,y) = G(y,z,x2) = - - - (symmetry in all three variables);
G5) G

Then the function G is called a generalized metric, or, more specifically a G-metric on X, and the
pair (X, G) is called a G-metric space.

(
( (z,z,y) < G(z,y, 2), for all z,y,z € X, with z # y;
(
(

(z,9,2) < G(z,a,a) + G(a,y, z), for all ,y,z,a € X, (rectangle inequality).

Definition 1.2. [11] Let (X, G) be a G-metric space. A sequence (z,) in X is G-convergent to
limy,m—oo G(T, Tn,Tm) = 0, if for every € > 0, there is N € N such that G(z,zn,zm) < &, for all
n,m > N.
Proposition 1.1. [11] Let (X, G) be a G-metric space, then the following are equivalent.
(i) (xn) is G-convergent to x.
(i) G(xn,zn,z) =0, as n — co.
(i4i) G(zn,z,z) =0, as n — oo.
() G(zm,zn,x) =0, as n,m — co.
Definition 1.3. [11] Let (X, G) be a G-metric space, a sequence () is called G-Cauchy if for every
e > 0, there is N € N such that G(zn, Tm, 1) < ¢, for all n,m,l > N; that is, G(xn, Tm,z1) — 0 as
n,m,l — oo.
Proposition 1.2. [11] If (X, G) is a G-metric space, then the following are equivalent.
(i) The sequence (xy) is G-Cauchy.
(i) For every e > 0,there exists N € N such that; G(zn, Tm,Tm) < €, for alln,m > N.

Proposition 1.3. [11] Let (X,G) be a G-metric space, then the function G(x,y,z) is jointly
continuous in all three of its variables.

Definition 1.4. [11] A G-metric space (X, G) is called symmetric if
G(z,y,y) =G(y,z,z) Vz,y€ X.
Definition 1.5. [11] Every G-metric space (X, G) defines a metric space (X, d¢) by
do(z,y) = G(z,y,y) + Gy, z, z)
for all z,y € X. Note that if (X, G) is symmetric G-metric space then
da(z,y) = 2G(z,y,y) Vzx,y€ X.
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2 Main Results

Ciri¢ and Presic [17] showed Presic type generalization of the Banach contraction mapping in (X, d)-
metric spaces. Also Dhasmana [18] showed fixed point theorem by using Presic type mapping in
G-metric spaces. Further Gairola and Dhasmana [19] proved common fixed point theorems of Presic
type in G-metric space which extends the result of Cirié-Presic [17], Dhasmana [18] and George-
Khan [20].

Considering the convergence of certain sequences S. B. Presic [21] generalized Banach contraction
principle as follows:

Theorem 2.1. Let (X,d) be a complete metric space, k a positive integer and T : X* 5 Xa
mapping satisfying the following contractive type condition

d(T(z1, 2, ... x), T(x2, 23, ..., Tht1)) < qrd(z1, 2) + q2d(x2,23) + ... + qred(xk, Tht1) (2.1)

for every x1,x2, ..., xk+1 tn X where q1,q2, ..., qr are non negative constants such that g1 +q2 + ... +
qr < 1. Then there ezist a point x in X such that T(x,z,...,x) = x. Moreover, if x1, 22, ..., Tk, are
arbitrary points in X and for n € N,

Tntk = T(Tn, Tty ooy Tngk—1) (M=1,2,..)
then the sequence {xn, }ney is convergent and
limz, = T(limzy,limzy, ..., limz,).

Remark that condition (2.1) in the case k = 1 reduces to the well-known Banach contraction
mapping principle. So, Theorem 2.1 is a generalization of the Banach fixed point theorem.

Ciri¢ and Presic [17] generalized Theorem 2.1 as follows:

Theorem 2.2. ( [17]) Let (X,d) be a complete metric space, k a positive integer and T : X* — X
a mapping satisfying the following contractive type condition

d(T (1,22, ..., zk), T (T2, 23, .oy Thog1)) < Alrg?gck{d(mi,miﬂ)} (2.2)
where A € (0,1) is constant and z1,Z2,...,Tk+1 in X. Then there exist a point x in X such that
T(z,z,...,x) = x. Moreover, if x1,x2,..., Tk, are arbitrary points in X and for n € N,

Tntk = T(Tn, Tty ooy Tngb—1) (M=1,2,...)
then the sequence {xn }ne1 s convergent and
limz, = T(imz,, im z,, ..., lim z,,).
If in addition we suppose that on a diagonal A C X*
d(T(u,u, ...,u), T(v,v,...,v)) < d(u,v) (2.3)
holds for all u,v € X, with u # v, then x is the unique point in X with T(x,z,...,x) = x.
We will carry this idea in the Presic type almost contractive mapping in G-metric space.

Theorem 2.3. Let (X,G) be complete G-metric space, k € ZT and T : X* — X a mapping
satisfying the following contractive type condition
G(T(:‘Clv L2y -eny Ik)7 T(y17 Y2, -0y yk)v T(y17 Y2, - yk))

< 5max1§i§k{G(3&i, Yis yl} —+ Lmin{dc(yi, T(CE17 X2,y .ny l‘k))} (2‘4)
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where 6 € (0,1) and L > 0, z1,x2,...,xx and y1,Y2, ..., Y are arbitrary points in X. Then there
exist a point x in X such that T(z,x,...,x) = x. Moreover, if x1,%2,...,Tx are arbitrary points in
X andn € N,

Tn+k :T(l’n,wn+1,...,xn+k,1) (TL: 172,) (25)
then the sequence {x,}or, is convergent and

lim z, = T(limx,, imx,, ..., limx,).
n— oo

Thus z is a point in X with T(x,z,...,xz) = x.
Proof. x1,x2,...,x, be k arbitrary points in X. Using these points define a sequence (z,) as follows:
Tntk = Ynth—1 = T(Tny Tnt1, ooy Tntk—1) (m=1,2,...) (2.6)

For simplicity set vn = G(Zn,Yn,Yn) = G(Tn, Tnt1, Tnt1)-
We shall prove by induction that for each n € N;

Y < MO™ (2.7)

1
where 0 = 6% and M = max{%,73,..., 2k }.

According to the definition of M we see that (2.7) is true for n = 1,2, ..., k.
Now let the following k inequalities:

Y < MO”, A1 < MO ypyn_1 < MOVTETE
be the induction hypotheses. Then we have:
Yntk = G(Tntk, Trntht1; Tntht1)
= G(T(Tn, Trt1s e Tntk—1)s T(Tnt1, T2, ooy Ttk )y T (Tnt1, Tnt2s oo Tntk))
by (2.4) and the definition of ~;; we obtain
Ytk =G(T(Tn, Tnt1, ooy Trt=1)s T(Yns Ynt1, ooy Ynrk—=1)s T(Yns Ynt1, ooy Yrti—1))

Lo max{G (Tn, Yn, Yn), G(Tnt1, Yn+1, Yn+1);s -0, G(Tntk—1, Yntk—1, Yntr—1) }+

Lnglglrg—lk—l{dG(y“ T(xna Tn41y -y x"’H-k—l))}

here
Tn+k = Yntk—1 = T(.’En,.’ﬂn+17 EE) $n+k71) (n = 1> 27 )
Then,

Ttk =G(T(Tn, Tnity ooy Tnak—1), T(Wn, Yt 1, oo Yntk—1), T(Yny Yt 1, oy Yntk—1))
<6 max{G(Tn, Yn, Yn), G(Trnt1; Yn+1, Ynt1); s G(Tntk—1, Ynth—1, Yntr—1)} +0
=4 maX{’Yn»'Yn+1a’Vn+27 --~7’Yn+k—1}
<Smax{Mo", MO™ ", .. MO}

as 0 = 6%

Ytk <IMO™ (as0<0<1)
_ M0n+k
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and the inductive proof of (2.7) is complete. Next using (2.7) for any n,p € N we have the following
argument:

G(Tn, Tntp, Tntp) <G (Tn, Tnt1, Tnt1) + G(Tnt1, Tng2, Tnta) + .o
+ G(@ntp-1, Tntp, Tnip)
=Yn + Yn+1 + oo + Yntp-1
<MO™ + MO™t + 4+ MomTPE

1—0r
:Mni
0" (=)
_ Mor
“1-06

by which we conclude that (z,) is a G-Cauchy sequence. Since (X, G) G-complete space, there
exists  in X such that

lim z, = x.
n— oo

Then for any integer n we have

2
Q
8
3
+
>
S
=
8
8

yon)) =da(T(zy 2y oy ), T (T, T 1y ooy T k—1))
(T(z,zy o0y x), T(2y ooy zyzn)) + da(T(zy ...z, 20), T (2, ooy Ty Ty Trg1) )+
da(T(zy .y @, Ty Tng1), T(Xy ooy Ty Try Tt 1, Tnt2)) + oot
(

=

ZL', l’n, ety xn"rk—?)v T(ZEn, wn+17 ety l’n-‘,—k—l))
=G(T(z,z,....x), T(z,....x,2n), T (z, ..., x,Tn))+

+ o+ G(T (2, Ty ooy Tt b—2) s T(Tny Tt 1y ooy Trogbi—1), T(Tny Trg1y oovy Trotb—1))
<6G(z,Tn,xn) + Lmin{de(z, T (z, z, ..., 2)),dc(xn, T(z, z, ...,x)) }

+ d max{G(z, Tn, Tn), G(Tn, Tnt1, Tnt1)} + Lmin{da(z, T (z, ..., z, z,)),

de(xn, T(zy ...z, x0)), de(Tns1, T(z, ooy, z0)) } + 4

dmax{G(x,Tn,Tn), G(Tn, Tnt1, Tnt1)s s G(Tntk—2, Tntk—1, Tntk—1) }+

Lmin{de(xn, T(Z, Tn, oo Tntk—2))s dc(Xnt1, T (T, Tny ooy Tntk—2)), oy

dc(xn+k_1, T(l’, TnyLn41y .-y :Cn+k_2))}.

Taking the limit when n tends to infinity we obtain
Gz, T(z,x,....z), T(x,z,....,2)) <0

which implies

Thus we proved that;

lim z, = T(limx,, imx,, ..., lim x,).
n—r 00

So, x is the a point in X. O
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Example 2.4. Let X =[0,3]U[4,8], and T : X® — X be mapping defined by,

T(z,y,2) = “TYT2 it (2,4, 2) € [0,3] % [0,3] x [0, 3].

T(z,y, ):2+M, if (1,y,2) € [4,8] x [4,8] x [4,8].

T(z,y,2) = % - % if (1,,2) € [0,3] x [0,3] x [4,8] or (z,y,2) € [0,3] x [4,8] x [4,8] or
(x,y,2z) € [0,3] x [4,8] x [0,3] or (z,y,z) € [4,8] x [4,8] x[0,3] or (z,y,z) € [4,8] x [0,3] x [0,3] or
(x,y,2z) € [4,8] x [0,3] % [4,8] and let

G(:vavz) = max{\x - y|7 |y - Z|7 |'I: - Z|}
Thus, we obtain
G(T(x,y,2),T(y, 2,1), T(y, 2,1)) = max{|T(x,y,2) = T'(y, 2, 1)[,[T(y, 2,t) = T(y,2,1)],
T (y, 2,t) = T'(z,y,2)|}

G(T(,’.E, Y, 2)7 T(y7 Z, t)? T(y7 Z, t)) = |T(.’E, Y, Z) - T(ya Z, t)|
then,
for any z,y,z € [0,3] we have T(z,y,z) =t € [0, 3],
for any z,y, z € [4,8] we have T'(z,y,z) =t € [4,8].
Thus, for x,y,z,t € [0,3] or x,y,z,t € [4,8] we have
T+ y +z y+z+t

G(T($7y72)7T(y7th)vT(yazvt)) | - 6 |

(\w—y|+\y—ZI+\z—t\)

w\wm\w

<5 max{G(z,y,9),G(y, 2,2), G(z,t, 1)}

For (z,y,2) € [0,3] %[0, 3] x[4,8] or (z,y,z) € [0,3]x[4,8] x[4,8] or (z,y, z) € [0,3] x[4,8] %[0, 3] or
(x,y,2z) € [4,8] x[4,8] x[0,3] or (z,y, z) € [4,8] x[0,3] x [4,8] we have T'(z,y,z) =t € [0, 3] we have

z+y+z 1 +z+t 1
G(T(w,9,2), T(y. 2,1). Ty, 1)) =| =~ — 5 = =+ ¢

1
Sglle—yl+ly =2+ —t)

—_

<5 max{G(x, Y, y)7 G(y7 2, Z)? G(Z7 t, t)}

l\')

For (z,y,2) € [4,8] x [0,3] x [0, 3] we have

r+y+z 1 +z+1
G(T($7y72)7T(y7 th)7T(yaZ7t)) _| y - g - yT'

(\w—y|+\y—ZI+\z—t\)

<5 max{G(z,y,9), Gy, 2,2), G(z,t, 1)}

1\3 »A@\»a

Thus for L > 0, T satisfies (2.4) with 6 = % but for 0 and 4 we have T'(0,0,0) = 0 and T'(4,4,4) = 4.

3 Conclusion

Ciri¢ and Presic [17] showed Presic type generalization of the Banach contraction mapping in (X, d)-
metric spaces. Also Dhasmana [18] showed fixed point theorem by using Presic type mapping in
G-metric spaces. In this paper we moved this idea to Presic type almost contraction mapping in
G-metric space. Our works generalizes several similar results in the literature.
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