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ABSTRACT

The 4r spherical quadrilateral mechanism is made of three mobile elements and one fixed (the
basis) connected through the four revolute kinematic pairs, whose axes intersect at the same point.
It is multiple statically indeterminate and for calculating the efforts from kinematic pairs it is using
the elastic linear calculation, in which the mechanism elements are considered deformabile rigid.
The displacements in the local systems of reference, produced by external requests are small and
defined by the vectors of small rotations, which act similarly to the angular velocity and small
displacements, defined by displacement vectors. The use of the relative displacements method,
with the expression of displacements under the form of a column matrix in plukeriane coordinates,
makes possible the calculation of efforts and reactions in the kinematic pairs of this mechanism.
The results of the numerical solving of this problem will be presented under the form of a diagrams
and will be commented.

Keywords: Quadrilateral mechanism; elastic calculation; cardan joint.

1. INTRODUCTION movement of a system with a cardan joint [1,2].

Being statically undetermined [3,4], for the 4R
This mechanism presents interest because it symmetrical spherical quadrilateral mechanism
reproduces, cinematically  speaking, the is necessary to be used the elastic linear
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calculation [5,6], for calculating the reactions. In
mechanism, the elements are found in different
systems of reference [7,8]. The equations of
elastic balanced are written in the chosen
general system of reference [9,10]. The physical
type of these reactions is perceived by
expressing them in the local reference systems.
The reactions will be calculated and in local
references systems, will be expressed under the
form of a diagrams and will be commented. The
obtained results can lead to conclusions referring
to the influence of geometrical and mechanical
parameters over the unitary efforts that appear in
the kinematic pairs of the mechanism [11,12].

2. MATERIALS AND METHODS

The mechanically speaking (static), the 4R
mechanism has unknown the reactions from the
kinematic pairs A, 2, 3, 5, 6, 8 and also the
moment from the joint A (see Fig. 1), in total
6+5x5=31 unknowns and 3 elements x 6=18

equations, 31-18=13 times statically
undetermined [7,8].

—
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Fig. 1. The 4r symmetrical spherical
quadrilateral mechanism

[Kzl]{{ S} {41}} [Kas {{Ag

}-4,
; -{a}=(0
[K31]{{A§} {4}} [K34]{{ }

a}={0

|
ko) {al}+
ke Hat}-{al}+
[sfia)-{e

}-
ke )1}t =(0
[K67]{{Ag} {A7}
[K76 }

Are noted

[Kiu]= [Kual# [Kip ]+ [Kye]
[Kaol=[Ka]+[Ka] i [Kaa]=[Ka]+[Ka]
[Kaa] = [Kao] # [Kaa] + [Kas] + [K o]
[Kss]=[Ksa] #[Ke7] i [Kes] = [Kea]+[Ker]
[Kz7]=[Kas]+[Kze] +[K 78]

[kelad-{ah+ [ alad-{al [ms]{{zu b kffal-{ah-1

Bulac; BJAST, 15(4): 1-12, 2016; Article no.BJAST.24822

For determining these components a linear
elastic calculation is used. In the following, a
mathematical model with be elaborated for the
linear elastic calculation of reactions, model that
has as basis the method of relative
displacements, presented in paper [13]., with the
notation in pluckerian coordinates.

2.1 Mathematical Model

In the elastic calculation the joint from A is
blocked (see Fig. 1), thing that explains the
apparition as unknown of the axial moment in
that point. The pivotal points 1, 4, 7, have the

displacements {A;}, {8}, {a,}, and the pivotal
points with the cinematic couples 2, 3, 5, 6 have
left-right displacements with {ASZ} ,{Adz}, {A%} ,
{A%}, { 2} {A%}{ %} ,{A‘é}. Pivotal point 8 has
the displacement to left {ASS} and to right
{Ag}:{o}. So the relations are written under the
form:

{a}={z}+&fu.)
{al={a} o)
{a)={z}+efu.) (1)
{g)={a}+efud

From the pivotal points balance [Kij] :[Kji] :

[KIZ]{{AI { }} [K.’LA]{{Al { }} [KlS]{{Al { }}:{0}
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and taking into account the relations (1) it results

[Kll]{Al} - [KIZ]{AS}_ [K13]{A£S3} ={d}

[Kafa}+ [Kzz]{ﬁg}‘ [Kaufa}+ &Ko fU2} = {0}
-[Kaifa) + ko)~ lafad+ &kaafus} ={o)
[Keakia) [k} e+ &liaud = (0
-[Ksfan}- [Kss]{@}‘ [Ks; {4} + &K fUst = {0}

U AR [Kea]{éﬁ}‘[K67]{A7} +&[Kg Jue}={0}

[K75]{A§}‘ [K76]{453}+ (Ko7 Ko7} - &K s fust - &K e U6} + &l K U} = {0}

(4)

The notations are made as

T

(a=[{ay {8} {af {a) {a] {4} (o) ]
{eh=le &5.85.86.46] (5)
v]=[0000] : vs]=[o1000] ; ] =[00100

Vel =[00010] : fv;]=[o0004]

and then
¢ =[vife (6)
and Zz[Ky]{Uz} = [K24]{U 2}[VZ]{E} , and the analogue.

Also, the notations are made

[Ku] -[ke] =[] o]l o] [0 ]
“[Ka] [Kz] [0l -[ku] [ o o]
“[Ka] [ kel (k] o] [ o]
[al=] o] -[Ke] K] [Ka] -[Kes] ~[Ks] [0] | )
ol [ ol -lke] [Ks] [0 -[Ks]
ol [ ol k] [l [Ke] -[Kel]
Lol [ o] [ -kl -[ke] (K7l ]

[o]
[KaafUlive]
[KauHU}ivs]
[Kz] = ‘[K24]{U 2}[V2]‘[K34]{U 3}[V3] : ®)
[Ke7 {uslivs]

[Ke7KUsHve]

L= [Ks7 §UsHVs ] - [Ker U eHvs | +[K e fU 8}[\/8]_
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and then the equations (4) are combined into the

equation {Re}= {Ess } = [K31]{{£\>}_{Al}}
K[, 1d - (0 o  R=lEl=adlal-ta) an
T | (R} ={ec}=[kalfe}-{a)}
equwfallent with 42 -scalar equatlo.ns. | R} :{Eg}:{E} _ [K87]{{A§}—{A7}}
Irzgllitt??hg:e left side of the pair 2, (see Fig. 1) as [13] {,_i T{R} 0 and {A‘“‘S}:—fs{us} e
{Rz} _ {Eﬁ}: [K21]{{A3}_{Al}}- (10) equations are obtained
, } i [Kaliss % }} {{J }} [K21]{4
S ~3T[K31]4§. -u T[ 31]{4
o (Y BT bda) 6 ka0
Ry U0 Ik} -{0o] [ecfad =
{NB}T [K87]{A7}+{8{~8} [K87]{U { }T [F]

Fig. 2. The isolation of kinematic 2

and the analogue

l~2 T[Km] _{~2}T[K21] 0 0 0 0 0
3, K] 0 0fix] o 0 0 0
K]=| o 0 0 [GST[KM] 0Fk] o 0 (13)
0 0 o {flkJ] o -0fikJ] o
0 0 0 0 0 o {0fik,]
0000 0 0
0000 0 0
[K,=|0 0 0 0 0 {Fl=| o (14)
0000 0 0
_O 000 {GS}T[K78]{U8}_ { S}T[F]

the equations (11) are combined in the matrix equation
[Kaf 4 +[K.Keb ={F}. (15)
equivalent with 5 scalar equations.
The equations (7), (15) can be narrowed with the notations
[k]= [[Kl]l [KZW. (16)
[Ka] [Ka]

in the equation

o



with
from

equivalent 47

unknowns

47
o)
and {E} and the reactions and efforts are
calculated with the relations (10), (11) in which

{Asa} = —ES{U 8} '

2.2 Calculation Algorithm

equations  with
which results

1. The indexation of bars is done from
12,...,14and the lengths are noted with
I ,12.. 14 and I,=1,; I,=1,; I,=1,;
lB:|9 ’ I1O:|12 ’ |11:|13'
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Fig. 3. Indexing bars
2. The inertia moment is calculated:

le
i =yt SA, :T'-(18)

3. The rigidity matrixes are calculated in the local reference system:

0 0 0 EA 0
6El. 12EI,
O O |2IZ |3 1Z
6El
0 |2Iy 0 0 0
[ki]: Gl.
l—'x 0 0 0 0
4El,,
0 | 0 0 0
0 0 4El, 0 6El,
L | 2
0 0 0 ' 0
Gl,,
|2 |
0 0 0o —
) 2El,, Elyy
0o - ! 0 0 0
=0, 2
A 0 0 0 0
|3
0 0 0
3El,
0 0 |3 |2
3El;, 2El,,

19)

(20)

4. The matrix [Gi];[R] are calculated, with the relations from (Table 1) and then the product

[6IR]



0 -z ¥

[cl=|z o -Xx|

-Y, X, O

. The position matrixes are calculated:

[RI W] [ RT
- | '[[ar[eir T

GIr] [R]

. The matrixes [Hf],[KF] are calculated:

[H iD] =[rnIm]™ [KiD] =[1 i ]m 1™

. The matrixes [H;][Hfs][H o ] [Hfm] are calculated:

ml=lnlema] Il ne)

Hioal=[Hil+ ] s [al=[m2]+ i

O
K1A
O
K2

O
Kass

O
K67

10,11

. Itis identified:

kil s kal=al™ kal=lgl

ksl [kal=[ks]+ [ksl=xd]

Ml k%)= (ke

6, is calculated with the formulas:

1 V4
arctg(—1tgg, );0< 6, < —
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Tg=-"

2"t 2

Vi 3

1
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10. [ ] [ ] [TCD] are calculated with the formulas:

e el P

]

(27)
[Reo]  [0]
[TCD]: :
o] [Reo]
where
1 0 0 cocl, +sf;sb,ca sasf, O
[RAB]: 0 c6 -s6/|; [RBC]: -cg,s6,sa cd, -—so
0 sg cg -s6,s6,sa casd, c6
ca sasf, sach, (28)
[Rol=| 0 c6, -s6,|
-sa casf, cach,
11. Are calculated: 13. A calculated the matrixes
[Kll [KL[Ksl[KJ{FHIK]  with  the
KL K. [K,] with the formuta formulas (7), (8), (13), (14), (16).
14. ltis solveql the matrix 'equation 7). .
[K]=[TAB][K D][TAB]—l' 29) 15. 'rl'ehlsti[)enactlon from A is calculated with the

[KZA],[KM],[K“],[K%] with formulas type

[K]= [TBC][K DITB(:]_l- (30)
[K57],[K67],[K78] with formulas type
(K] =[reo J ol ™ (31)
12. Are calculated:
U }={us}=[o-s6,.c6,000]
{U }={ue} =[s6,50,c6,,56,ca 000" (32)
Ugh=[ca 0-sa 000]".
{Jz}:{ =10000-56,.c6,]
{Js} = {JG} =[000,s6,50,c6,,s6,ca]”  (33)
LTS} [000,ca0-sal .
{F}=M[000.ca0-sa] : {TF} =M. 34

{Ra}=-Kinfa}. (35)
and expressed in local coordinates.

16. The reactions are calculated
{RZ}{Rz}{RS}{RG}{RS} with the relations
(10), (11).

17. The reactions are expressed under

{RI{RIMRIMR}{R} in local system

coordinates.
18. The graphs

{ {3 {55 {s R1 Rly’Rlz’Mlx’Mly’Mlz’
M, .M, M

x? 2y 2z

R,.R,.R,,

R..R, R, M, M,.M.,
R..Ry R, M, M, M.,
RyvRyy Ry My My M
R Ry RuM, M, M

6y’? 6z!?

<

gy 'Vigz

are made taking into account &, .
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Table 1. The espressions of the position and rotati ~ on matrixes [Gi],[R]

The The local reference The The position matrix The rotation
element system coordinates [Gi] matrix
Ox; Y, Z; of the local [R]
reference
system
XY Z
1 z Xy =—(l; +13) 0 O 0 100
z b -
L V L weo 6o o il [r]=jo 1 0
A = 4 ‘ 0-0+,) O 001
Z,=0
2 X z . )(2:—|3 _0 0 O_ '0 0 -1
|/f” Y,=0 [G]=|0 o 1, [R]=]0 1 o0
Xo
z o Z,=0 [0 -1, 0 10 0
3 ST Xy =-l, [0 -1, O] (1 00
sl =0
B-—xj ) Y3_ [G3]: Iz 0 |3 [Rs]: 010
:’ zZ,=l, -1, 001
Xo - - -
Z = - -
4 - X, =-, 0 0 O 0 01
/ X0 Y4:0 [G4]: 0 0 |3 [RA]: 010
e Z,=0 0 -1, 0 -1 00
5 ‘ . X, =, o 1, O 100
Y;=0 [65]: _IA 0 |3 [Rs]: 010
Z;=-, |0 -I, 0 0 01
6 X, =0 [0 0 O] [0 0 -1]
Y,=0 [c]=l0 0 0 [R]=|0 1 0
Z,=0 10 0 O] 11 0 0]
! X, =0 0 0 0] [0 0 1]
Y,=0 [G]=|0 0 0 [R]=|0 1 0
Z,=0 10 0 O] -1 0 0
8 X, =0 [0 0 O] [0 0 1
Y, =0 [6.]=]0 0 0 [R]=]-1 o
Z,=0 10 0 0O |0 -1 0
9 X, =0 [0 0 O] [0 0 1
Y,=0 [G]=|0 0 0 [R]=l1 0 0
Z,=0 10 0 O] 010
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The The local reference The The position matrix The rotation
element system coordinates [G] matrix
Ox Yz of the local R]
reference
system
xi'Y’i Zi
10 X, =0 [0 0 1, (1 0
Y, =1, [G,J=| 0 0 0 [R,]=]0 1
Z,=0 -, 0 0 0 01
11 Xy =l 0 0 o0 [0 0 -1
Y, =0 [G.]=l0 o -1, [R]=[1 0 o
Z,=0 o1, 0 0 -1 0
12 X, =0 [0 0 -1, (1 0 0
Y, =, [G.,]=|0 0 o [R,]=|0 1 0
z,=0 I, 0 0 001
13 X5 =1, 0 0 0] 0 0 1
Y, =0 [G.]=|0 o -1, [R.]=]-1 0 o0
Z,=0 01, O] |0 -1 0
14 Xys =l 0 0 o© 10 0
Y, =0 [G.]={0 0 -1, [R]=l0 1 0
z,=0 01, O] 001

Xis X

3. RESULTS AND DISCUSSION

It is considered the 4r symmetrical spherical
quadrilateral mechanism [1,8], from Fig. 3.
Elements of the mechanism have these
geometrical and mechanical parameters: the

lengths [ =1=005m , the diameters
d, =d=002m, the sections A , the elasticity
modules E =2100"N/m?, G=81010"N/m?,
the sections A and the main central inertial
moments Iiy,li;, , i =1y +1;; , 1=12,..14. The

mechanism is driven by torque M =1INm.

The solving the mathematical model can be done
using any conventional method of calculation
numerical [14,15]. Basis of the mathematical
model and the algorithm presented in this paper
has been realized a calculation program of the
reactions from the kinematic pairs of the
mechanism. The program was realized in Excel
and the following results were obtained. The
reactions from the kinematic pair A,

Rx.Ry,R, and for the moments

ng,MgY,Mgz, in the case where a =0, the
results from diagrams from Fig. 4(a). and
Fig. 5(a). In local reference systems the reaction
Rax »Ray sRaz \M ax \M 4y .M 57 , varies as shown
in Fig. 4(b) and Fig. 5(b).

From the variation diagrams it is found that the
reaction forces and moments are constant in the
local systems of reference for all kinematic pairs.
For the reaction from the joints 2, in general
reference systems, are obtained the values
presented in Fig. 6(a). and Fig. 7(a). and in own
reference systems values presented in Fig. 6(b).
and Fig. 7(b).

For the case where a =10" for the same
kinematic pair A, are obtained the reactions

RO, RSy, RS, M2y,M% ,M%, . who varies as
shown in Fig. 8 and Fig. 9.

It is noticed that, the components RRX,R,OW, RXZ,

0 0 0
M ax:M Ay, M 47 , in the local reference system



aren't constant.

Theirs

variation depends

on the angle 6 .In Fig. 10. and Fig. 11.
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components RSy ,R3y,R% , M%,M%,.MY, for

- a=20",a=30°.
are represented the variation of the ’

Reactio force[N] Reaction force [N]

1 1
05 0,5

0 Rux® R, R o Rux Pav Raz

50 100 0 290 250 300 350 400 0 50 100 150 200 250 300 350 400

0,5 05

K] 1

a=0" Angle of rotation 6 [degrees] a=0° Angle of rotation 6 [degrees]

Fig. 4. The variation diagrams of reaction forces in joint A, for a=0° a) in general system of
reference b) in local system oo reference

Reaction moment [N-m] Reaction moment [N-m]
0,2 MLIT N 0,2 M N

\ A ] \ ax | Pz |
0,2 50 100 0 2_110 250 300 350 400 0,2 50 100 150 ZJ_O 250 300 350 400
0.4 0.4
0,6 0,6
oz Mo 0.8 M

-1 K
-1,2 -1,z

a=0° Angleofrotation 6, [degrees] a=0° Angle of rotation B, [degrees]
Fig. 5. The variation diagrams of reaction moments in joint A, for a=0° a) in general system of

reference b) in local system of reference

F.eaction force [N] Reasction fores [IN]
g 7 B
6 = = - &
NS N pe 0 .
2 VAENN N /4 a
NI /
° ] 7 7 3
-2 1 150 'h'n 0 300 2350 400 2
N N 4
-4 "4 1
-+ A ~ — — 7 a = i
-8 = 5 100 130 200 230 300 330 400
a=0 Angle of rotation 6, [degrees] a=0° Azgls of otation 8 [desress]
Fig. 6. The variation diagrams of reaction forcesi  njoint 2, for a=0° a) in general system of

reference b) in local system of reference

Pasction meoment [N-1m1] Rasction moment [N-m]
M X
L1 M| M o2 3
[}
-anz E o150 T S0 Ido 330 400
a1 50 180 0 280 290 340 350 400 0,04
-1.06
0.2 08
-0.1
a X
= -0.12
-04 -0.14
s Mo 3,15 M.
-0.18
-08 -0.2
a=0" Angla of rotation B [dagsaar] =0 Angleof rotation ;[dazrees]

Fig. 7. The variation diagrams of reaction moments

in joint 2, for a=0° a) in general system of

reference b) in local system of reference
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Feeactio forcz[IN] Raaction force [IN]

15 is

1 E f.\l. Jf\ 1 /\ R_”‘: Fax J"\
LE \ Raz® l LE th’ - (7 : 3 = B / \

s A INTEL /TN y / \ N \

\ 5 i 4] 190 —\Z ] 2 Uf 380 350 430 C\ 50  f100 150 E:C_ ZSCf ‘CC #1350 400

05 ) -5 # ~ =

K] L — i — L -1 e / IIL "h
RN S\

2 -2

a=10° Angle of rotation §; [dagres:] a=10° Angls of sotstion 8; [dess=sr]

Fig. 8. The variation diagrams of reaction forcesi  n joint A, for a=10° a) in general system of
reference b) in local system of reference

Fasction momant [N-m]
0.2 Pl

g ===t T tmea T -— | Maz

— . = T My Ly

2 100 140 g 9dp 1 g4 ado
-04
06
03 Ml

PR IV PN PO PN DU VPN .
E]

a=10% Angla of rotation §) [dazras:]

Fig. 9. The variation diagrams of reaction moments in joint Afor a=10° in local system of

reference

F.eaction momant [Nm]
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02
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L1

-

0.2

-14
-0.8
-048

M.

Anglaof rotarion ) [dagraas]

Anglaof rotation B [dazrmss)

Fig. 10. The variation diagrams of reaction forces
system of reference

and moments in joint A, for

a=20° in local

/N
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- —

=

00 350 A00
—

\_/
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Angla of sotation ) [dapmar]

Feeaction momsnt [Nm]

o4
02

1]
02
04
0.6
-8

A

-
-
=

——

A LY

YA

=307

Anglaof rotation B [dagress]

Fig.

11. The variation diagrams of reaction forces

and moments in joint A, for

system of reference
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It is observed that the maxim value of the axial
reaction R,y from kinematic pairs A, increases
from ON (a=0") to 14N (a=10"), to 4N
(a=20°) and to 6N (a =30°).

4. CONCLUSION
The elastic calculation and the relative

displacements method makes possible the
determination of the reactions from the kinematic

pairs of the 4R spherical quadrilateral
mechanism, that is  multiple statically
indeterminate Following the numerical

simulations the following conclusions can be
taken

1. For a=0% in the general system of
reference OX,Y,Z, the reactions force and

moments after axes directions QOY, and

OZ, vary with the angle g,, and in the

local system of reference they remain
constant. The axial forces (after axe

direction OX) from all kinematic pairs in

general system of reference have the zero
value (they are balanced), in contrast to
the 4r asymmetrical spherical quadrilateral
mechanism where in all kinematic pairs
appears an unbalanced axial force [11,12].
2. For a#0°% both in local and general
reference systems, the reactions and
moments aren't constant and have a
variation depending on the angle 6.

3. The forces and moments from the reaction
are increasing as the angle of inclination a
increases.
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